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Sensitivity limitations in optical speed meter topology of gravitational-wave antennas
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The possible design of a quantum nondemolition gravitational-wave detector based on the speed meter
principle is considered with respect to optical losses. A detailed analysis of a speed meter interferometer is
performed and the ultimate sensitivity that can be achieved is calculated. It is shown that unlike with the
position meter signal recycling can hardly be implemented in speed meter topology to replace the arm cavities,
as is done in signal-recycled detectors such as GEO 600. It is also shown that a speed meter can beat the
standard quantum limit by a factor ef3 in a relatively wide frequency band, and by a factor~610 in a
narrow band. For wideband detection the speed meter requires a quite reasonable amount of circulating power
~1 MW. The advantage of the considered scheme is that it can be implemented with minimal changes in the
current optical layout of the LIGO interferometer.
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[. INTRODUCTION phase shifts proportional to the coordinate were fully com-
pensated, while the output signal contained information
It is a well known fact that in order to detect gravitational about the probe mass velocity only.
waves very high precision devices are needed. The current Later, in[8] the possibility of applying the speed measure-
technological progress in this area of knowledge suggestdent technique to interferometric gravitational-wave detec-
that a detector will achieve the level of sensitivity where itstors was analyzed. It was suggested to attach to the probe
guantum behavior will play the main role. bodies of the detector small rigid FabrysBecavities. These
The sensitivity of the third-generation interferometric cavities, fully transparent for light at a certain frequengy
gravitational wave detectors is planned to be higher than thevhen immobile, introduce a phase shift in the output light
standard quantum IimitSQL) [1,2]. Therefore, to overcome due to the Doppler effect. By measuring this phase shift it is
the SQL one needs to monitor not the coordinate of the depossible to measure the probe body velocity. It was shown in
tector probe body, as in contemporary detectors, but an olthis article that the speed meter can potentially beat the SQL
servable that is not perturbed by the measurement. Such dnthe pumping power is larger than one for a SQL limited
observable has been called a quantum nondemoli@MD)  position meterW>Wgq, .
observabld3—6]. One needs to monitor this kind of observ-  The realization of a speed meter based on two microwave
able because, if there is no force acting upon the probe oleoupled resonators, suggested 1, was considered if9].
ject, the observable value will remain unperturbed after theThis speed meter was proposed to be attached to the detector
measurement. This means that there is no back action androbe body to measure its velocity. It was demonstrated that
therefore, no SQL, limiting the sensitivity. In order to detectit is feasible, with current technology, to construct such a
external action on the object it is reasonable to measure itspeed meter that beats the SQL in a wide frequency band by
integral of motion, which is a QND observable at the samea factor of 2. A possible design of a speed meter for an
time. For a free mass, its momentum can be that QND obeptical frequency band was also proposed. This design de-
servable, but the realization of momentum measurement imands construction of four large scale cavities instead of two
not an easy task. In the artidlé] it was proposed to measure as in the traditional LIGO detector. The disadvantage of this
the velocity of a free mass instead of momentum. Although itscheme, common for all speed meters, is the extremely high
is not a QND observable and is perturbed during the meapower circulating in the cavities.
surement, it returns to its initial value after the measurement, A further comprehensive analysis of the scheme proposed
and therefore can be used to beat the SQL. A device thah [9] was carried if10]. It was shown thain principle the
measures the object velocity is called a speed meter. interferometric speed meter can beat the gravitational-wave
The first realization of a gravitational-wave detector basedstandard quantum limit by an arbitrarily large amount, over
on speed meter principle was proposed7h In this article  an arbitrarily wide range of frequencies, and can do so with-
the authors suggested measuring the velocity of a free masait the use of a squeezed vacuum or any auxiliary filter
placed in a gravitational wave field. Analysis of the schemecavities at the interferometer’s input or output. However,
has shown that measuring velocity instead of body coordipractice to reach or beat the SQL, this specific speed meter
nates allows the back action noise to be canceled and, thereequires exorbitantly high input light power. The influence of
fore, significantly increases the scheme sensitivity. The medesses on the speed meter sensitivity was also analyzed, and
suring system was presented as two coupled microwavie was shown that optical losses in the considered scheme
cavities whose coupling constant had to be chosen so thatfluence the sensitivity at low frequencies.
In [11,12] more practical schemes for large scale inter-
ferometric speed meters based on the Sagnac effe3jt
*Email address: stefan@hbar.phys.msu.ru were analyzed and proposed for use in possible design of
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third-generation LIGO detectors. It should be noted that use
of Sagnac interferometers in gravitational-wave detection
was suggested earlier [14-17. In [11,12 it was shown
that to lower the value of circulating power one should use
the squeezed vacuum input with a squeezing factor 0f1,

and variational output detectidi8]. Then it is possible to

beat the SQL by a factor of \/f) The schemes analyzed
are based on using either three large scale FabrytRavi-
ties[11] or ring cavities and optical delay lin¢$2]. A com-
prehensive analysis of the above mentioned schemes includ-
ing optical losses was carried out.

Another variant of a Sagnac based speed meter was pro-
posed in[19]. This design requires little change in the initial
LIGO equipment and seems to be a good candidate for
implementation. The scheme of the interferometer proposed
in [19] is considered in this paper. We analyze here how this
meter will behave when there are optical losses in the inter-
ferometer mirrors and obtain the optimal value of the circu-
lating power and how it depends on cavity parameters.

This article is organized as follows. In Sec. Il we consider
the simple scheme of a speed meter with a single lossy ele- o
ment in order to study how optical losses influence the FIG. 1. Simplified scheme of speed meter.
scheme sensitivity. In Sec. Ill we compare the sensitivities of
a signal-recycled position meter and a speed meter, and dergravitational-wave detectors this approximation is satisfied
onstrate that the later has worse sensitivity at the same leveuite well.
of pumping power if signal recycling is applied. In Sec. IV After the three above mentioned reflections the light
we evaluate the sensitivity of the more realistic speed metdbeams return to the beam splitter where they are mixed up.
scheme proposed [19] and obtain the optimal values of the We suppose that the arm lengths are chosen so that all the
parameters that minimize the influence of noise sources. Ilight power returns to the laser. Then the photodetector lo-
Sec. V we summarize our results. cated in the “southern” part of the figure will register only

vacuum oscillations whose phase is modulated by the end
mirror motion.
II. SIMPLE SAGNAC SPEED METER SCHEME The input light can be presented as a sum of a classical
WITH OPTICAL LOSSES pumping wave with frequency, and sideband quantum os-
cillations. The electric field strength of the incident wave can
be written as

A. Input-output relations for simple speed meter scheme

In this section we will analyze the action of a simple
speed meter scheme based on the Sagnac effect to estlmat% = ((wg){Ae 1wt + A* glwot) 4 Jm€(w)[é(w)e*i‘”t
how optical losses affect its sensitivity. This scheme is a 0
model that is quite easy for analysis and yet contains all
features specific for a speed meter. It differs from real, com- +al(w)e wt]d_‘" )
plicated schemes only in the fact that there is no bending up '
of the noise curve at high frequencies that arises due to the
finite bandwidth of Fabry-Ret cavities being used in real
speed meter interferometers. Therefore, it seems conveniewhereA is the classical wave quadrature amplitudéy) is
to investigate this simple scheme before analyzing complithe quantum fluctuation ~sideband operator(w)

cated speed meters designed for LIGO. o =\2mhw/ Ac is a normalization factor, and is the beam
The scheme we want to consider is presented in Fig. 1. Itgross section. Using this formalism we can write down input-
action can be described as follows: the light beam from &utput relations for the scheme. The incident wave quadra-

laser enters the scheme from the “western” side of the figurg,, .o amplitude and fluctuations we will denote Asnd a
W

and is divided by the beam splitter into two beams propagatas they come from the “western” side of the figure. Zero
ing in the “northern” and “eastern” directions. Each beam is

. ) oscillations enterlng the scheme from the “southern” side we
reflected sequentially from two movable end mirrors. Be-

tween these reflections the beams are reflected from the cef; ill denote asas After the beam splitter we will have t,\,NO
tral mirror. The end mirrors we suppose to be ideally reflec- ight beams propagating in the “northern” and “eastemn d'
tive, while the central mirror has the amplitude reflectivity rechc:ns These beam values we will mark by indices
and transmittanceé. We suppose that all optical losses are and “e,” respectively. Moreover, there is a transparent cen-
concentrated in the central mirror and therefore can be extral mirror that is the source of additional noise denotedas
pressed by a single parameterlt can be shown that for andg, (see Fig. 1
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TABLE I. Expressions for values used in Sec. Il. S(Q)=S:(Q) +M2Q4S,(Q)—2mO2R[S(Q)], ()
B Xo—Xn where Q is the observation frequency, and
X—(wo~ @) 2 S(Q),S:(Q),S(Q) are the spectral densities of fluctua-
tional mirror displacementx;,.t, fluctuational radiation
R i9e— 0, pressure forceF4,ct, and their cross correlation, respec-
Os 2 tively.
z In our specific case these spectral densities are equal to
k() [wwglc (see Appendix A
IBinput ire4iw7 SﬁwOW
. Se(Q)= ‘[1-rcog207)],
Bioss —iteZier F( ) c2 [ g 7]
’Csimple _2K(w)A(irei(w0+3m)7_ nei(w0+w)r) (4a)
160woW7? S(0)= fic? 1
I:)simple mc 16wOWSIn2‘P 1+ r2—2r COS‘(ZQ T) ,
(4b)
: . h
Let us denote the beam that travels in the interferometer S (Q)=— Ecot\lf. (40

arm for the first time as the “primary” beam, while the same
beam that has left its first arm and entered the second one
will denote as the “secondary” beam. Due to absorption, th

powers of the primary and secondary beams relate to eaecttEq. (3) significantly. This angle is chosen so that one mea-

—r2_1q_ 2 ; ;
other asWsecondary Wprimary=T“=1~ @joss, Whereaioss IS gyres not the amplitude or phase quadrature component but
the interferometer absorption coefficient. This coefficient isyhair mixture. This principle provides the basis for the varia-

quite small and in practice can be neglected for the values qjynal measurement techniq{i8,20. HereW is one of the
the classical powers but, in principle, there is an opportunity, siimization parameters that allows one to overcome the
to compensate these losses by introducing some additiondly| \when chosen in the proper way.

power into arms. This opportunity can be taken into account Suppose that the signal varies slowly compared to the

by assumindVsecondary Wprimary= 7°, Wheren is some co-  scheme characteristic time and, therefore,
efficient that is equal to % aj,s Without additional pump-

YWere W is the pumping power at the end mirrors, a#dis
e homodyne angle that allows us to minimize the value of

ing, and can be larger with it. We will assume that1 as O 7r<1, (53
optical losses in the considered schemes are supposed to be

very small (@55~ 10" °). Then the output wave can be writ- 2

ten as(see Appendix A Q< v (Sb)

E)szlginputé-s+ BiosJs+ KsimpleX— - (2) Wherer=L/c, andL is the distance between the central and
end mirrors. These assumptions we will call th@rowband
approximation Later we will see that for real detectors this
approximation works pretty well.
Using this approximation we can rewrite Ed4) as

Expressions foBinputs Bioss: Ksimpies X— andgs are sum-
marized in Table I.

B. Quantum noise spectral density 8h woW )
In order to evaluate the scheme sensitivity we need to S = c? [1=r2r@n)7],
calculate the spectral density of total quantum noise. Sup- (63)
pose the mirror dynamics can be described by a free body
equation of motion, i.e., 202 1
. S(Q)= : : (6b)
; 2 2
mx=F. 16woW S  (1—r)%+4r(Q7)
HereF=Fgwt Fiuct, WhereF gy is the gravitational-wave _h
force measuredE . is the fluctuational force that arises SxF(£2)=—7cot¥. (60

due to radiation pressure of the incident light, ateXxgy

+ Xs1uct IS the mirror displacement that consists of displace- If we substitute the expressions obtained in E3).and
ment due to gravitational-wave action and a noisy part thatlivide by the value of the radiation pressure noise SQL spec-
arises due to incident light phase fluctuations. The total nois&al density for the free maeSSQL=ﬁmQZ, we will obtain
spectral density then can be written as the factor by which the speed meter beats the SQL:
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2_1 Psimple 2 j z2
&=— J1-r+2r(Q7)7]
2[ (Q7)?
Q2 2(1+col W) Nrep
+ +2 cotV |. (7)
Psimple(l—r)2+4l’(QT)2
The expression foPg;n is presented in Table . ITM —— BS
The main goal of optimization is to beat the SQL in a Ngp
frequency band that is as wide as possible. First of all we = | | z
should find the optimal value of cdt and Pgjype- These in | Lt
parameters should not depend on frequency; therefore we Nsrar IT™™
will optimize them at high frequencies, i.€)7—~. This SRM ——
optimization will result in the following values: | out

cotw = _2rpsimple* 8 FIG. 3. Signal-recycled position meter.

and being substituted in E¢7) will produce
wherer is the central mirror amplitude reflectivity coefficient

1 that characterizes the scheme optical losses. Here we sup-

M' ©) poset<<1.
Comparison of the expressiori8) and (11) shows that
Obviously, the rise o&? at low frequencies is determined one needs to increase the optical powes;f,pje— ) in or-

by the radiation pressure spectral density as all other items iger to obtain high sensitivity, while to have a wide frequency
Eq. (3) are proportional td2? and)* and, therefore, cannot pand and increase the sensitivity at low frequencies it is nec-
influence at low frequencies. Hence we see that optical lossessary to have a low value of the pumping power to decrease
lead to a decrease of speed meter sensitivity when the obseggdiation pressure noise. In Fig. 2 several curves are pre-
vation frequency is small. It is useful to calculate the valuesented that demonstrate hai# depends on the frequency at

of the parametePginmpc that provides the minimum & at  gigerent values 0Pgimple- The dot-dashed lines are for the
the defined frequency)*. It can be shown that for 4r ideal case where losses are equal to zeroX).
<1 this value is equal to

2
Ehr=

*
opt ik (10) I1l. SIGNAL-RECYCLED SPEED METER
simple \/7

2(1-r) VS SIGNAL-RECYCLED POSITION METER

One can also readily obtain the minimal frequency where the |n this section we will consider semiqualitatively the in-
speed meter sensitivity is equal to the SQL, i.e., whgre fluence of a signal-recycling mirror on the sensitivity of the

=1 is satisfied, is defined by the expression traditional position meter and speed meter. Let us consider
the two schemes presented in Figs. 3 and 4.
PsimpleV2(1—r) SupposeTep~1/Ngp and Tsgy~1/Ngry are the trans-
Q= —F——, (11)
T 4Psimple_:L _
BE2
10
=1 NFrp
o
3
o = 10 ITM ——
% BS
. 4100 | Nrp |
5T | Lh
Nsgy 1TM
10°! _ M
10
Qr ‘out
FIG. 2. Typical curves fo§2=S/SSQL at differentPg;jmp)e. FIG. 4. Signal-recycled speed meter.
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mittances of the arm cavity input mirrofBTMs) and signal- s
recycling mirrors (SRM9, respectively. HereNgp shows S,= :
how many times the light beam is reflected from the end |A|2

mirrors until it leaves the cavity, amdsgy is the number of _ _ _ _
light beam reflections from the SRM before leaving the The expression fog, can be readily obtained and is equal to
whole scheme. The first number characterizes the Fabry-
Peot half bandwidth, while the second one represents the S,==
signal-recycling cavity half bandwidth. Letbe the time the 4
light needs to travel from one cavity mirror to another. Sup- 2 . . .
pose also the mirror motion is uniform and can be expresseﬁnd|A| can be represented in terms of the power circulating
during the light storage time 7 ~NgpNsprmm<Tow in the arms as
~ 7l Qcwmax by the formula
A=
X=X oFvit, Al i woNgpNsrM
where the subscript=1,2 denotes the interferometer arm, Then forS, one will have the following expression:
X; o are the end mirror initial positions, and are their ve-
locities.
In the case of the position meter the light path is the
following. After Ieavflng the beam splitter light enters bort]h On the other hand, for the position meter this spectral density
cavities, It passes from one arm cavity mirror t0 anotner.,, pe expressed in terms of the mirror displacement spectral

2Ngp times, then itis reflected from the SRM and returns t0ensity caused by radiation shot noise corresponding to the
the cavity. This cycle repeatSiggy times until the light ﬁQL S)?QL:ﬁ/ng as
e 1 1

leaves the scheme and goes to the homodyne detector. T
output beam phase shift in our simple case can be written as 202 N2 202 N2

P P P SPM_4‘00NFPNSRM _4ﬁwONFPNSRM
’ c? mcQ;

_hwoNgpNsru

o AW (14

, (19
2(1)0 —
5‘PsignaI:TNFPNSRMX— ) (12
where(}, is some fixed observation frequenay,s the mir-
wherex_ :;1_;2 is the mean end mirror relative displace- "0 Mass, and for the speed meter in terms of the mirror
ment during the storage time, ands the speed of light velocity spectral density caused by radiation shot noise cor-
1 . . L
As for the speed meter, the light path in this scheme difésponding to the SQB;°"=#/m as

fers from the previous one. Light that leaves, for example, 2 onid a2 2 onid a2
the first cavity goes not to the beam splitter and then to the g 4wgT NFPNSRM§QL_ 4w NepNsgy

SRM, but to the second cavity, where it experienbgs e = 2 v me . (18
reflections from the end mirror in addition to those in the first
cavity. Then it is reflected from the SRM and so on gy Substituting Eq(14) into Egs.(15) and (16) we will ob-

times until it leaves the scheme. It can be shown that in thigain the following values of the circulating power for both
specific case the output beam phase shift will be written asschemes considered:

mcQ3 mc?
Wpy=

T 16NN r Wem= T 2’
FPINSRM®W0 16NFPNSRM(1)0'T
wherev _=v,—v, is the relative velocity of the end mirrors. (17)

We can readily see that the position meter and speeg e divide Way, by Wpy, we will obtain the factor ofy by

meter output signals depend on the arm cavlied) and  which the speed meter circulating power necessary to

signal-recycling cavity Nsg\v) parameters in different ways. achieve the SQL is larger than that for the position meter:
It can be shown that this difference significantly influences

5@ signa= —2NeruN2ps-
‘PsignaI_T SRMNFPU — T, (13

the sensitivity of these schemes. Let us calculate the amount Wspy 1
of circulating optical power necessary to achieve the level of X= = >N§RM, (18
SQL in each of the above mentioned schemes. The output Wem  (NgpQo7)?
signal field quadrature componeayq,, for both schemes is ) ) .
proportional to the product where we have taken into account that the light storage time
should be much smaller than the period of the gravitational
asigna™=Ad¢signal: wave, i.e., 7™ ~NgpNgrur<7/{. Obviously, the above

estimates show that a speed meter with signal recycling can
where A is the input radiation field quadrature amplitude. hardly be considered as the best variant for implementation
Therefore the spectral density of the phase fluctuations cass a QND meter, as it requires much more circulating power
be expressed in terms of the spectral densitpQf,, as than the signal-recycled position meter with the same param-
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electrics. Using this approach one can obtain input-output
relations for any optical device with lossésee[22-24).

It should also be noted that we do not consider the beam
splitters, polarizatiofPBS and ordinary(BS), and quarter-
wave plates as separate sources of additional noise that arise
/] due to their internal losses. The reason is that the laser beam
@bg interacts with these optical elemeni& ;=2/In r1r2|:’2/1

—r,r,~10° times more seldom than with the Fabryrte
‘ e cavity mirrors (here Ng¢¢ is the effective number of laser
I PYZ! beam reflections from the FP cavity mirrorherefore, the
bf;’“"ﬁ (90°) contribution of these elements to the total optical loss coef-
ficient will be Nq¢s times smaller than that for the FP mirrors,
and can be neglected.
} Let us use the same notations as in Sec. Il for the scheme
Ze

175 [21] of electromagnetic field quantization in linear lossy di-

g/\
B
N
—
G
S
>
©
S
N
o
C

r
T

parameters. In order to distinguish values that correspond to
inner and end mirrors we will denote the first ones by the
subscript 1 and the second ones by the subscript 2. Each
S [T % Fabry-Peot cavity has the following parameters: the mirror
% reflectivity, transmittance, and absorption coefficients are
achs equal to—rq,—r,, it4,0, andia,ia,, respectively, and the
cavity length isL. The end mirror transmittance we suppose
to be equal to zero because there is no difference whether the
FIG. 5. Speed meter interferometer. light exits or is absorbed in the end mirror.
Suppose that the classical pumping wave amplitud® is

eters. More precise calculations that prove the above simplgng the sideband fluctuation operatorais. Suppose also
considerations are performed in Appendix B. that zero oscillations that enter the scheme from the “south-

ern” side are described by the opera#ar We will also need
the operatorgs , Js, Js,,, andds,, to describe noises due

to internal losses in the FP mirrofthe second numerical
subscript stands for the number of noise type that arise in the
A. Speed meter interferometer action and output signal mirror due to internal loss@sThe superscripts and 1l de-
-wave detedlote which types of noise arise during the first and the sec-

nd reflection, respectively. The parameiewe assume to

e equal to unity, wherey has the same meaning as in the
simple scheme and is equal to the ratio of the classical am-
plitudes inside the cavity during the second and the first re-

u
Fs

el o

=

o
9
=
3
S
D
~
<[
o

IV. OPTICAL LOSSES IN SPEED METER
INTERFEROMETERS WITH FABRY-PE ROT CAVITIES
IN ARMS

Let us consider the scheme of a gravitational
tor based on the speed meter principle presented in Fig.
This interferometer differs from the traditional LIGO inter-
ferometers by an additional polarization beam splitBS
and two quarter-wave plated ). Quarter-wave plates are ; _ .
needed to transform the input light polarization from linear I€Ction, respectivelysee Appendix € ,

(0° and 90°) to circular© and®) during each pass. After Finally, we are a}ble to write down the output sideband
reflecting from one of the 4 km long Fabry+®e(FP) cavi-  fluctuation operatorcs that contains information about the
ties the light polarization varies over 90°, and the light beanimirror movements, and therefore about the gravitational
is reflected from the PBS to the second FP cavity. Hence, the/ave force:

light beam passes not only one FP cavity, but both cavities in

sequence. As there are two beams that propagate in opposite ~ _ 1 A
directi . . : 2NN cs=—{iBl(w)ay(w)
irections(in clockwise and counterclockwise directions, re- L)
spectively the scheme output does not contain any informa-
tion about the symmetric mechanical mode of the mirrors, —[e¥°r ta,0k (w)+€°tha,0L ()]
i.e., about the sum of the end mirror displacements. This H 2
mode is not coupled with a gravitational-wave signal, and its —iL(w)[e?°T 2t131§\|/lv (w)—ei“"tlaz@'v'v (0)]}
presence can significantly lower the sensitivity and prevent it 1 2
from beating the SQL. The output signal of this scheme can — KsuX—(wp— o). (19

be found in the same manner as was dongl®]. The only

problem is to include additional types of noise, arising due torhe notation used in this expression is presented in Table II.
internal losses in the optical elements, in the calculations. To
do so, suppose each mirror to be a source of two independent
additional types of noise, that stand for the interaction of
electromagnetic radiation with the mirror medium excita- Here we will obtain the expressions for radiation pressure
tions. This approach is based on the Huttner-Barnett schem®ise and shot noise and their cross-correlation spectral den-

B. Speed meter spectral densities and sensitivity
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TABLE Il. Expressions for values used in Sec. IV. Hdfeis the classical complex amplitude of the
pumping field near the movable mirror after the first reflection.

Exact form Narrowband approximation

V1 — t§/47'

2 2

arta
a — atap= 147.2

1_r1r2
Y - yta= o
W fiowo|E|?/4 hoo|E|?14
L£(Q) ror,e”9r—1 27(y+iQ)
By(Q) ri— 2 (ri+t3) 27(y—2y,+iQ)

) 2 )Ny 7(y—y,+iQ

. o= QB0 - (e 2T NI T
SM -

L¥w)

(y+iQ)?

sities. We will suppose that the same additional pumpingnirror mass. The multiplier 1/4 appears when we suppose
procedure as in Sec. Il is taking place. Here we will use thenot only the end mirrors to be movable, but also the inner

same approximation that is defined by E5). of Sec. Il. It is

useful to evaluate if this approximation is valid for LIGO.

ones.
Now we can write down the expression fo#?

The parameters for the LIGO interferometer are the follow-=Sg,/Sgq, whereSg), is the total quantum noise of the

ing:

wo=1.77x10% s7!, 7=1.33x107° s,

m=40 kg, L=4x10° m.

If we suppose that the gravitational signal upper frequency is
about 0=10° s™1, then there remain no doubts that for
LIGO the condition of the narrowband approximation appli-

cability is satisfied ag) 7=1.33x 10 2<1.

One is able to obtain the following expressions for the

spectral densitieésee derivation in Appendix

)= hL? (y*+0?)? (209
= 3200W 25, i WLy y 2 07
8hworW y(y*+0%) — y1(y*—- Q7
S(Q)= , (20b)
L2 (72+QZ)2
f
Sip=— Ecot\lf, (200

where ¥ is the homodyne angle, and/ is the pumping
power at the end mirrors. The expressions jgrand y are
given in Table II.

speed meter that is calculated in accordance with Bgand
SSQL:hm92 is the SQL spectral density for the fluctua-
tional force:

, BwomW y(¥2+02) = y,(y*—0?)
mLZQZ (72+QZ)2
mLZQZ (,y2+92)2

+ +cotW.
32007™W 2, Si? W[ (y— y1)?+ Q2]

(21)

This value characterizes the scheme sensitivity. Our goal is
to have this value as small as possible. In the next subsection
we will perform two possible optimizations @f, in narrow

and wide frequency bands.

C. Optimization of £?
1. Narrowband optimization

Let optimize Eq.(21) at some fixed frequency. A possible
situation when such optimization can be useful is the detec-
tion of gravitational radiation emitted by quasimonochro-
matic sources. Compact quickly rotating neutron stars, i.e.,
pulsars, may be an example of such sources. Gravitational
radiation from pulsars is quasimonochromatic and relatively

One can obtain the result that the minimum force that canweak so it is crucial to have high sensitivity in a narrow
be measured by the speed meter presented in Fig. 5 deperfdsquency band to detect these sources. So it is convenient to
on the total measurement noise spectral density. This spectrfihd the minimum of¢? at the source main frequen€y,. If

density can be expressed by the form{8awith one excep-

we suppose that optical losses are small enough, de.,

tion: min this formula is equal to one-fourth of the real end < (), then the minimal value of will be equal to
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M i : : . Lonon : : : .1 . N L. Dy N M . N I
- : S S A : P 10 _ - ;
107" 10° 10 10

v=Q/y v=Q/y

FIG. 6. Plot of = m optimized at some fixed fre- FIG. 7 Plots of¢ for circulatin_g optical powelW=1 MW qnd
quencyQ,. For givenQ,=1C° s * and fixed optical loss contribu- several fixed homodyne angléthin curves; the curve with right-

tion to the total half bandwidth =1 s * (see Table I, one should ~MOSt Minimum corresponds to the least angtold black curve

take the following parameters to obtain the best sensitivity atcorresponds to frequency-dependent homodyne angle.

given frequency: total half bandwidtly=, circulating power
W=(mL2Q38wy7)VQo/a=27 MW, and cotP=—\Qq/a
=—3x10 2. The minimalé in that case will be equal t§a/Q,

tion that the speed meter is capable of. Therefore we will
suppose that the optical pow®¥ circulating in the arms of

~0.18. the interferometer and the resonator halfbandwigtiare
fixed. Then by varying the homodyne angleit is possible

to obtain a variety of different sensitivity curves. These

& =4le= [ & (22) curves for three different values of the circulating optical

min Qo' powerW=1, 3, and 10 MW are presented by thin curves in

Figs. 7, 8, and 9, respectively. By varying the homodyne
and is reached af,,= (), optical circulating poweiW,,; ~ angle it is possible to reach a sensitivity even three times
=(mLZQS/8wOT) 4/, and homodyne angle defined by better than SQL in a relatively wide frequency band. It is

. also possible to choose the frequency where the best sensi-
the formula coW,,=—vQ,/a (see Appendix D for de- . . " h handi he h le i
tails). For a=1 s ! it will be equal to £=0.18. For the tivity is reached by changing the homodyne angle, i.e., an

. X increase of¥ leads to a sensitivity curve offset into the
LIGO interferometer the optical power necessary to reach thfower frequency domain. It should also be noted that the

apove value ot is equal tOWPP‘:.m MW. increase of circulating power in this regime leads to a reduc-
Unfortunately, at frequencies different frofy, the value

of £ is much worse. The behavior of the functiérat differ- "
ent frequencies is presented in Fig. 6. We can see that sig-
nificant gain in sensitivity compared to the SQL can be
achieved in a very narrow frequency band of about several
tens of hertz. Thus, this regime of the speed meter operation,
which we prefer to call the “narrowband” regime, can be
used to beat the SQL by a significant amount only in a nar-
rowband near some arbitrarily chosen frequency for the pur-
poses of weak quasimonochromatic sources detection.

10° |

2. Wideband optimization

Contrary to the narrowband case considered above, the
vast majority of gravitational-wave sources either radiate in a
relatively wide frequency band, or their main frequency is
unknown. In both cases it is necessary to perform a wide- "= gy pye "
band detection procedure. This problem cannot be solved as v=Q/y
easily as the previous one, because there are no criteria for
what should be the frequency bandwidth value and what sen- F|G. 8. Plots of¢ for circulating optical poweW=3 MW and
sitivity should be reached within the ranges of this band. Asseveral fixed homodyne angléin curves; the curve with right-
there is no clarity on this question it seems convenient tanost minimum corresponds to the least ajgiold black curve
represent the variety of different possible regimes of operaeorresponds to frequency-dependent homodyne angle.
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mirrors close to each other. It might be difficult to find an
additional place for one more mirror in existing interferom-
eter facilities.

On the other hand, the RC interferometer has an important
advantage. It does not require such devices as a polarization
beam splitter and quarter-wave plates to be used, and can be
constructed using only traditional optical elements, whose
properties are well studied.

As for delay lines, they will provide practically the same
sensitivity as FP cavities even taking optical losses into ac-
count. Nevertheless, in large scale interferometers it is quite
difficult, in our opinion, to implement delay lines, as it re-
quires larger mirrors compared to FP cavities in order to

Lo P G i provide a necessary number of light beam round trips. More-

T e v over, the delay line, we suppose, should be very sensitive to
v=Q/y mirror tilts, which is quite crucial for kilometer-long cavities.

Therefore, it seems impractical to use delay lines in large

FIG. 9. Plots of¢ for circulating optical powelV=10 MW and ~ Scale interferometers, while it can be a good candidate for
several fixed homodyne angléhin curves; the curve with right- shorter QND interferometers.
most minimum corresponds to the least ahg®old black curve
corresponds to frequency-dependent homodyne angle. V. CONCLUSION

tion of the frequency band whetgis less than 1; therefore it In this section we will sum up the results of our consid-
is reasonable to use moderate values of the optical powerseration. The following conclusions can be made.

Using the technique of frequency-dependent variational The attempts to increase speed meter sensitivity by intro-
readout suggested {124], it is possible to increase the sen- ducing a signal-recycling mirror or replacing arm cavities by
sitivity of the speed meter significantly in a wide frequencythis mirror will not be successful, because unlike the position
band. The achievable sensitivities in this case are represent@geter, the speed meter sensitivity depends nonsymmetrically
in the same figures by bold black curves. Here is the depenspon the transmittances of the arm cavity input mirrors and
dence of¥ (1) that allows us to obtain the above mentionedSRM. The influence of the ITM is considerably greater than

results: the SRM influence because in the speed meter the light beam
passes consequently through both cavities before it is re-
mL2  Q2(y2+0?)2 ercFe;d fr'om the.SRM. Therefore, it is convenient to use arm
WV (Q)=m—arcta 20 W > |- (23 cavities in gravitational-wave detectors based on the speed
Wo™W  y1(a”+ Q%) meter principle.

The speed meter topology of gravitational-wave antennas
allows one to achieve a sensitivity about three times better
than the SQL in a relatively wide frequency band, preserving
the optical power circulating in the arms at a reasonable level

It seems resonable to discuss some issues concerning tge1 Mw. Moreover, its sensitivity can be improved and its
performance of the analyzed scheme and the schemes gbquency band can be significantly increased if one applies a
speed meter interferometers proposellig], that are based \ariational readout technique.
on using delay linesDLs) and ring cavitiesRCs instead of The ultimate sensitivity a speed meter is capable of is
FP cavities. In the lossless limit all the above mentionedyefined by two factors, the optical losses and bandwidths of
schemes provide practically the same sensitivity and thergym cavities and, therefore, the circulating power. This sen-

are no_significant differences in their performance. Wherkitivity can be expressed in terms of these factors as
taking internal optical losses in cavity elements into account,

one can readily realize that the RC interferometer will have h 4\/}
’y 1

D. Delay line and ring cavity vs Fabry-Peot in speed meter
topology

approximately a 1.5 times higher loss coefficiantompared

to the FP interferometer, as the ring cavity requires three

mirrors instead of two. A simple evaluation can show that inynereh is the metric variation which can be measured by the

the narrowband regime the RC speed meter will requirgpeed metehsq, is the standard quantum limit fér, and e
1.5=1.22 times more optical power to achieve the besis the optical loss contribution to the total interferometer

sensitivity, which is%/1.5=1.11 (22) times worse than the halfbandwidthy. However, a high sensitivitgsmall £) re-

FP speed meter. The wideband regime is less susceptible tpires a large amount of circulating optical powabout

an increase ofx, but it can slightly decrease the frequency tens of megawatjsand can be achieved in a relatively nar-

band where the speed meter sensitivity is better than theow frequency band. In our opinion, the best operation mode

SQL. Another point that, in our opinion, should be taken intofor the speed meter is the wideband regime with frequency-

account is that ring cavity design requires placing two largedependent readout.

= hSQL_
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APPENDIX A: DERIVATION OF SPECTRAL DENSITIES +H.c., (A5)
FOR SIMPLE CASE

K(w)A* (iei(wfo)o)‘r_i_ ne*icbrei(Swfwo)T)és(w)

1. Input-output relation derivation where ﬁe and F,, are the radiation pressure fluctuational
forces acting upon the eastern and northern movable mirrors,
respectively.

In order to calculate the radiation pressure spectral density
one should calculate the symmetric correlation function

Here we will obtain the formulas for the quantum noise
spectral densities, presented in Sec. Il by the expressidns
The input light can be described by the formyB. The
input amplitudes are the following@he subscriptsv,e,s,n are
for light beams corresponding to that part of the scheme; for 1
example,A,, means the classical amplitude of a light beam Be(t—t')==(O|[F()E(t") +F(t")E(1)]|0), (A6)
propagating in the western directjon 2

Ay=A, As=0, (A1) where|0) is the radiation field ground state. If we calculate
this value we obtain
and the corresponding sideband operators are

1( (= . dw
- - Bo(t—t')= = F(w)|2ei(@o-o)(t-t") =
Ay, &8s (A2) F(t=t) 2{ fo IF(w)l"e 2
As we mentioned above we are able to introduce additional + J'm“:(w)lZei(wow)(tt’)d_w (A7)
pumping through the central mirror. This additional pumping 0 2@

increases the light power in the scheme and does not create
additional noise; therefore, it increases the scheme sensitiwwhere
ity. To describe it we will introduce the complex parameter
n=ne'®=2C/A which is equal to the ratio of the light |F(w)|?=4%2k%(w)|A|?

mpli he end mirrors with itional pumpi - .
amplitude at the end . ors t additional pumping ( X[|(€/ 0007 peiPreiBo-oor) |24 42,2]
=A/\/5+ A.qq) and the light amplitude after the beam split-

ter (A/ \/E) (which is equal to the amplitude at the end mirror | grder to obtain this result one should take into account that
provided that the central mirror is ideally reflecting, i.e., in (O|é(m)éT(w’)|O>=27r5(w—w') The radiation pressure

the lossless case . '
. . . . tral densit n fin
Taking all the above into account one can easily obtain P density can be defined as

that the classical output of the scheme is equal to 1

S(Q)= f mBF(t)e““‘dt= E[S’(Q)Jrsx(—ﬂ)]

B.=0, (A3)

219 .
and the corresponding sideband output is equal to _ 16ﬁ‘"°W_ 12+ 92— yr sin® cos A2 7

c? 1+ 7?
. 3 | —On(@)+ige(w)
By(w)=iray(w)et*—iq— 5 & rior (A8)
2
. _ In order to provide the speed meter mode of operation we
—2k(w)A(ire!(@ot30) 7 pailwot@)m)y (4 — @) need to setb = 7/2; then one will obtain that
:Binputas"'lglossgs"'lcsimplex— ; (A4) 8hwoW 1+ 772_27]'- cog2Q7)

' SHQ)=——- 2 . (A9)

see Eq(2) for notation. c 1+ 7
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3. Shot noise spectral densitys, ()
The output signal of the scheme is mixed up with the

local oscillator wave in order to detect the phase shift due to

the end mirror displacement in the optimal way. This mixed

radiation enters the homodyne detector. The photocurrent of

the detector is proportional to the following time-averaged
value:

Tp.a.(1)~2Ep, (1) cog wot + ¢ o)

w , - dow
=f Vobyw)e@ottivlo— 4+ Hc,
0 2

o dQ
|7 K@ et +x @)™
0 27T

(A10)

’

where ¢, ¢ is the local oscillator phase(Q) is the noise
operator whose spectral density is equal to unity, ()
is equal to
403 A|

c e 327 sinW + 7e? 27 cog d + )],

(A11)

K(Q)=—

where ¥ = ¢, o+argA. The fluctuations of the coordinate
are described by the operator

r()

Xitued D)= iy

(A12)

Finally, assuming® = /2, the coordinate noise spectral
density is equal to

hc? 1+ 7?

320gWSIP W 12+ 72— 2r pcog2Q7)
(A13)

S()=

4. Cross-correlation spectral densityS,(€2)

Now we know everything needed to calculate the cross
correlation spectral densitg,£({2). In order to do this one
should find the cross-correlation function of E@5) and

§<f|uct(Q). Using the same algorithm as in previous subsec-

tions one obtains that

Se(Q)=— gcot\I’. (A14)

APPENDIX B: POWER- AND SIGNAL-RECYCLED SPEED
METER INTERFEROMETER SENSITIVITY: PRECISE
ANALYSIS

1. Input-output relations for power- and signal-recycled speed
meter interferometer

PHYSICAL REVIEW D69, 102003 (2004

) L
d vga a
YUY v
PRM/SRM

FIG. 10. Power- and signal-recycled speed meter interferometer.

recycling mirrors installedsee Fig. 10 Here we will con-
firm by exact calculations the results of the qualitative con-
sideration presented in Sec. Ill.

Let consider the influence of additional optical elements
on the input-output relations.

Figure 11 represents the situation common for PRM and
SRM. Beamsa andb represent light entering and leaving the
beam splitter, and beanss andb’ stand for light entering
and leaving the PRM/SRM. The length of the recycling
cavity should be chosen in the way that provides the maxi-
mal values of circulating power in the case of the PRM, and
signal sidebands in the case of the SRM.

a. Power recycling mirror

Power recycling influences the value of the circulating
power only, as quantum fluctuations from the laser that are
influenced by the PRM return back to the laser due to dark
port tuning of the interferometer, and do not contribute to the
output signal. The interferometer circulating power depends
upon the quadrature amplitudeof the beama as

W=%wo|Al?.

Then we need to expregsin terms ofA’, the amplitude
of the beama’ entering the PRM. One can write down the
following equations:

In this appendix we will analyze the scheme of a speed

meter interferometer with powdiPRM) and signal(SRM)

FIG. 11. Power recycling/signal recycling mirrors.
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A"=itpgA’ —rprB”, "=Ae PR (Bla i.e.,, Kgg—max. Therefore, the signal-recycling cavity
_ should be tuned in a way to providgsg= /4.
B'=itprB"—rpgA”, B"=Be®rr, (B1b) Now we are able to calculate the spectral densities of
radiation pressure and shot noise and their cross-correlation
B=i(1—-aosdA, (B1o)  spectral density.

wheretpg andrpg are the PRM transmittance and reflectiv-
ity, ¢ppr=wolL/c, and a|yss represents losses in the entire
scheme(we will neglect these losses in this calculation as In order to calculate the radiation pressure noise spectral
a)oss IS sufficiently small. Solving these equations leads to density for a power- and signal-recycled speed meter inter-

2. Radiation pressure noise spectral densitgg(Q)

the following expression: ferometer one needs to replace operatoin formula (A5)
it _aideR of the previous appendix by the operafgr that can be ex-
Ae_RT A0 (B2)  pressed in terms dd andg; as

1+ir pge? ?rr
. N i 5
'tSReI ¢5Ras_ I srBlos€ '¢’ng5_ r'spe IQSSRICsimpIeX—

In order to maximize the circulating power one should tune é;=

the PR cavity so tha#pg= 7/4; then we obtain that 1+1 spBinpu® #s% (86)
thWo AW . . _ _
Wpr= = , (B3)  After the same operations as in Appendix one obtains that
(1-rpp)? t2R the radiation pressure noise spectral density in the case of a
P power- and signal-recycled speed meter interferometer is
whereWy=%wo|A’|, andWpg=7%wg|A|%. equal to
b. Signal recycling mirror 16h wo™Wpr (y+ ysR) (VYsrt QZ)
Se(Q)= : (B7)

In the case of the signal-recycling cavity only the quan-
tum fluctuation transformation is worth examining. As the
interferometer is tuned so that the output port is kept “dark,”
the classical amplitude of the beam leaving the BS is equal to 3. Shot noise spectral densitys, ()
zero. Nowa and b stand for the fluctuations entering and 14 gptain the expression for the shot noise spectral den-
leaving the BS, while’ andb’ stand for fluctuations enter- ity in the case of a signal-recycled interferometer we should
ing _and Ieaw_ng the SRM. Therefore we write down the fol- ;56 the same procedure as in Appendix but for one excep-
lowing equations: tion. We should substitute the value &;mpie by Ksg. TO
account for power recycling we should also write dowpg
instead ofW. Finally we obtain the following formula:

c? (y+ysR?+40?

b’ =itge'?sf—rgma’, a'e 'Ysr=itgma’ —rgee' ?sRD,

(B4)
2 2 2
wheretgg andrgg are the SRM transmittance and reflectiv- S(Q)= he . (y+ysp™+4Q (B8)
ity, and ¢sg= woL/c. In these equations we should suppose 64wo™WprSIP Y yor Y2+ 02)
a’=a,, b'=b, and the equation that gives the relation be-
tween these.operators is represented .by the expre@uon' 4. Cross-correlation spectral densityS,q(Q)
The solution of these equations gives us the following _ o )
expression for the PR and SR speed meter output signal: ~ The cross-correlation spectral density in this case is the
same as in the previous section and is common for all inter-
t2.£%19srB, ferometric schemes considered with homodyne detection:
~ S input A
bs: —| rsr™ 2 Z
. SR
1+rsrBinput® SX,:(Q)Z—ECO'[‘I’. (B9
itSRei ¢SR:8Ioss ~
2i gS+ ’CSRxf 1 (Bs) i L.
141 srBinpu® IésR 5. Power- and signal-recycled speed meter sensitivity

The total noise of the PR and SR speed meter is described
by the same formula as E@3). The spectral densities of
it s SRB, o noises in this particular case can be obtained from the for-
mulas(B7), (B8), and(B9).

Being substituted in Eq.3) and divided by Sgq,
=#mQ?, these formulas will give us the expression for the
and Binputs Bloss: and Ksimple are defined in Eq(2). The  factor &2 by which one can beat the SQL using the PR and
value of ¢ggris chosen so that the output signal is maximal,SR speed meter:

where

SR—

= - imples
1+rSR8inpute2|¢SR simple
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- (vsrt ¥)(vysrt Q) =71, &1, tay —T2, 0, 2a2
0 (y+ s+ 407 by d el
1+cof ¥ QF(y+ysp?+402
. L+ vsr) ]+cotllf, a1 a1 Ca:
4Psr yse Y2+ Q?) -t : i
B10
(810 L=cr
wherePgr=16w,7™Wpr/Mmc?, y=(1—r)/27 is the interfer- o )
ometer half bandwidth part due to optical losses, arg FIG. 12. Fabry-Pet cavity with movable mirror.

=(1-rgR/27 is the part of the half bandwidth due to the

signal-recycling mirror. We can now optimize this expressioninto account it is reasonable to conclude that the scheme with
at some fixed frequenc{), with respect to the homodyne Fabry-Peot cavities in both arms without a SRM looks like
angle¥ and circulating poweWpg. The optimal circulating  the best candidate for implementing a speed meter interfer-
power W,,; and homodyne angl&,,; for the considered ometer.

scheme are equal to

mc? 02 0?2 APPENDIX C: DERIVATION OF SPECTRAL DENSITIES
Wopr= 5o —| 1+4— ; FOR SPEED METER INTERFEROMETER
0 Yse/  YVSR WITH FABRY-PE ROT CAVITIES IN ARMS
Yysr 1. Fabry-Paot input-output relations
W ope=—arctan o (B11 To obtain input-outputlO) relations for the scheme pre-
Qo sented in Fig. 5 one needs to know the 1O relations for a
and the minimal value of that can be achieved at frequency Fabry-Peot .caV|ty W'th 'movable end mirror. The case.of th
QO is movable mirrors will give the same result but when investi-
0 gating cavity dynamics one should replace the end mirror
4 [yysr displacemenk by the differencex; —x, of each mirror dis-
Sop=\] 7 - (B12)  placement, and the mirror masses should be taken at one-half
05 of the real value to account for changes in radiation pressure

. : . _forces.
We can see that to beat the SQL considerably using a S|gnaI9 . . N
recycled speed meter one needs to decrease internal Ioss%s.Cor'ds'd(.ar th? FhP cavity ptresentgt(tj n F'fg' %ﬁ We suppose
Decreasingysg (or increasingrsg will also increase the € end mirror to have zero transmittance for the same reason

scheme sensitivity at a given frequency but at the sacrifice o?‘sén Sec. lVWA' know the classical amplitude of the internal
sensitivity at other frequencies. UPpOSE we kno € classical ampiitude ot the interna

Let us estimate the optimal circulating power that is necfield C; and input quantum fluctuatiorag of the input light.

essary to obtai=0.1. Let us substitute the following pa- 10 obtain expressions for the internal and output fields one
rameters: needs to solve the following equations:

Q,=10* s, m=5 kg, L=600 m, bi(w)=—r1a;(w) +it,Ci(w) +ia;gif ),

wo=1.77x10% s,

1-r=10"5 (B13) di(w)=it1a1(®) = r1Cy( ) +iasg1x(w),

that are typical for the GEO 600 interferometer. To obtain R R

£opt=0.1 one needysg=40 s ' (1-rgg=1.6x10*) and do(w)=—Tr,Co(w) tiago(w) —2ik(w)r,Cox(wo— w),
circulating power of the order of

Wopt: 1011 W. (814) 62((1)) :al(w)ei(m” az((v) :6l(w)e7iw7. (Cl)
We can see that the considered scheme of a power- and
signal-recycled speed meter can hardly be implemented in
gravitational-wave detection, as it requires an enormous
amount of optical power and its sensitivity is high only in a

The solution can be written as

very narrow frequency band. . 1 . , .
This result confirms the statement we made in Sec. lll, b1=m[3(w)a1(w)—ez'mrztlalgn(w)
i.e., in order to achieve the same sensitivity as a position
meter with Eabry-ﬁ@t cavities in the arms, the speed meter +ia,L(@)G1o @) + € 18,01( @)
requires a highly reflecting SRM to be used and therefore an .
enormous amount of pumping power is needed. Taking this —2k(w)€' T 5t CoX(wo— w) ], (C2a
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szm[_'elmtlal(w)_|e|malgll(w)
+ie297 18,01( ) — 2i k(@) €2 11 ,CoX(wo— w)],
(C2b
azzﬁ(w) [ie'“7t;rpa;(w) +ie'T2a;011(®) — 122021 @)

+2i k(w)r,CoxX(wg— w)], (C20
where

B(w)=r,—e%°T,(ri+t?).
(C3

£(w) = rlr2e2iw7_ 1,

The expression$C2) represent the FP cavity input-output

relations.

2. Radiation pressure noise in FP cavity

In this subsection we will obtain the expression for the
radiation pressure force acting upon the movable mirror of
the FP cavity. In accordance with the formula for the radia-

tion pressure we can write down the following:
~ ~ T T
. _WC2+ W, - Ec,TEaq,

o . p—t (C4)

Taking into account the expressioff32) one can obtain

F(t)= Fo+ﬁJ Kk(@)[C3Cy(w)+ D3 da(w)]
0
><ei(‘”<f‘“)‘d—wnL H.c.
2

~Fo+f J:K(w)[Falél(wHanémw)

+Fg, Gl )]ei<wo—w>td—w+H c (CH
921921 w o .C.,
where
2it,e'“"C3 2ia,e'“’C}

T M) T e)
iay(e?°7+1)C}

P (C6)

21 L(w)

and Fo=7wo|C,|?(1+r3)/c=2hwy|C,|%/c is the constant
classical radiation pressure force. Items that correspond t§here x-=(Xn=Xg)/2, «

PHYSICAL REVIEW D 69, 102003 (2004

input and output moments is sequentially reflected from two
FP cavities. Therefore, the sideband operator that describes
the output beam for the first cavity at the same time describes
the input beam for the second one. Moreover, the beam that
enters the cavity for the first time and the beam that enters
the cavity after being reflected once do not interact as they
have different polarizations{ and® in our cas¢ Then, the
beams that leave the scheme falling to the beam splitter from
the north and east are characterized by sideband opefzgtors

and f:e that can be expressed in terms of input beam opera-
tors as

! ) | )
0= 5y BB (@)= € Tt12,5 ()

+ ei“”tlazélelzl(w) +iV2K(0) €T oty Fxe( wg— 0)],
(C73

.1 . . ]
Ce= a—ﬁ)[B(w)bL(w) —e*°ratia,0y (@)

+ ei‘”tlazélnlﬂ(w) - \/Ek(w)ei‘”r 2t FX(wo—w)],
(C7b

whereF is the amplitude inside the cavity during the second
reflection,b} andb;_are defined by formuléC2a by re-
placing the index 1 by, and’;_(the superscript means the
first reflection and the superscript means the second re-
flection from the FP cavity andC, by En=iE/\/§ andE,

=— E/\/E, wherekE is the amplitude inside the cavity during
the first reflection. Here we also introduced additional pump-
ing to compensate the energy losses due to absorption in the
FP cavities. We suppose that this pumping should feed the
main beam before it enters the second cavity; then the pa-
rameterp=F./E,=F,/E,,. Now we are able to calculate

the output beam sideband operabge (i¢,— o)/ V2:

Cs

{iB%(w)ay(w)

L)
+iB(w)[€¥°ot1a105 (0) —€“Ttyasgs, ()]
—iL(w)[e*Tatia1gy, (@)~ €50y, ()]

~[Bu(@) = L(w)JEx(0)€'*TatX_(wo— )},
(C8)

ao=—(antiald/N2, and &,

other noise operators are neglected as they are small come— (ae+iay/ \/E) (herea stands for any bosonic operaltor

pared to the above values.

3. Input-output relation derivation

4. Radiation pressure noise spectral densitpg ()

In order to calculate the radiation pressure noise for the

Now we can write down the IO relations for our speedspeed meter as a whole we need to use the expression for
meter scheme. One can note that the light beam betweeadiation pressure fluctuational force acting upon the end
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mirror of the Fabry—Pm@t cavity, presented in Sec. C2 by iay(e?T+ 1)y E* tja,e'“”

formula (C5). As in the simple scheme one can present the 9. = ~ , (C130
. i . So1 L(w) L(w)

fluctuational force acting upon each of the FP cavity end

mirrors as a sum of two independent items:

Lo A A A A . 2a,e'“ " EX
Fe=FJ+F; and F,=F.+F}, (C9) poll. SRt T E
9s;, L(w)

and the net force acting upon the scheme can be presented as
iaz(eZiw7+ 1) 1’* E*

F=F"+F°, (C10 FOIl~ 1
95, L(w) (€139
where
FO=FU—FY The spectral density of the radiation pressure noise can be
calculated using the same technique as in Appendix A, i.e.,
and

1
(C1y S(Q)= E[s’F(wo—Q)+S’F(wo+ )], (C19
Let us write down the explicit form of these expressions:

where

S11

BU(0=F+ 28 [ k(w)[Fyad0)+Fy 8L (o)

s o de SH(wo= Q) =42k (o= Q)
+Fg.' g, (w)]e0 NS+ He,  (Cl2a

g5, 9s C C 0,1 5,1
% KRGS+ IR 4GP
whereFy=%w|E|?/c is the corresponding classical radia- IO+ FON 24 |[FON 24 [FOMN2).
tion pressure force, 9sy sy Ysy sy
i C1l
O~ M (C12b €19
& Lw) 7

If one uses the formul#5) and the notation introduced in
2a,e'“"E* Table 11, then it is easy to obtain that the radiation pressure
noise spectral density in the narrowband approximation is
defined by the following expression:

FO,l S ——
9s), L(w)

iay(e”“™+1)E*
O L) 8hwo™W y(1+ 2 (Y2 + Q%) =2y 9(*— Q?)
(C129 S(Q)= . — ,
L (1+ 79 (¥*+Q?)
and (C16

FO(t)=Fg +2% fo K(w)[ngas(wHFézlllglsll(w) where W=7 wo|E|?(1+ %?)/8 is the light power at the end
mirror.
(ORI ORI
+ F93219521 )+ Fésm gsll(w)

5. Shot noise spectral densitys, (£2)

- . dw
+ng'”g's'21(w)]e'(“’°’“’)t§+H.C-, (C13a The shot noise spectral density can be obtained in the
. same manner as in Appendix A. Here

whereF§'=%wq7n?|E|?/c is the corresponding classical ra- 2iw3/2|E| o il ¢
diation pressure force, K(Q)=——2 2L [ By(wo—Q)sinW¥
. C  L¥wy—Q)
. 2t,€' " E* B(w) .
Fa=— o) (o) (C13b — nL(wo—Q)sin(®+W¥)], (C17)
o 22q€ Ty EX tiaet” whereW¥ = ¢, o+argC, 7=|7|, ®=argyn, and the spectral
~ , potargC, n=|n g7 p
Ys;, L(w) L(w) density is defined by the following expression:
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(1+ 79[ L(wo— Q)2

): = .
|K(Q)[?  3200W r2t2|B,(wo— Q)sSinW — L(wo— Q)sin(d+ V)|

Using the narrowband approximation defined by Eg).
and Table Il, the following expression f&; can be written if
one suppos& =0:

S(Q)
hL2 (1+ 72)(2+02)2
" B2007W oy, S W{[(1+ 7)y— 27,2+ (1+ 7207}
(C19

whereL=cr.

6. Real scheme cross-correlation spectral densit$,

(C19

Optimizing Eq.(D2) with respect tdP andA, one can readily
show that it reaches minimum at

b 1
and A=-— ,
vab—1 vab—1

wherea andb should be taken at frequené€y,. When sub-
stituted in Eq.(D2), these expressions will turn it into

£=+ab—1.

The second step is the minimization of the above expression
with respect toy. Obviously, to obtain the optimal value of

P=

(D4

(DY)

It can be shown that the cross-correlation spectral density’ It IS Necessary to solve the equation

for the real speed meter scheme with optical losses is the

same as for the ideal one, i.e.,

fu
S,e=— = cotW.

5 (C20

The above expression does not depend on frequency and is

the same in the narrowband approximation.

APPENDIX D: NARROWBAND OPTIMIZATION OF &2

In this section we will perform the optimization of the
speed meter interferometer sensitivity at some fixed given
frequency(),. In this connection it seems convenient to in-

troduce new dimensionless variables

Q Y~ 71 o 16(1)07'W
v=—, &= =—, P=——, A=cot¥
Y Y 4 mL2y?
(D1)
to rewrite Eq.(21) as
2.2 P +1+A2b +A D2
where
e+1?(2—¢) v¥(1+07)?
= , b= . (D3
(1+1°)2 2(1—¢)(e2+17)

&K_O
(9)/_ ’

whereK=ab. Here we should remember that «/vy and
v=Q/v; then the above equation is transformed to

IK IK

_+ [
&9 " Vv 0,

which after simplification will be written as

O a
V¥+2e—1=—+2——1=0. (D6)
Y
The positive solution of this equation is
Yopt=a+ \Val+ Q(Z)ZQO, (D7)

where the last approximate equality corresponds to the case
of small lossese<<(),. Substituting the obtained results in
Eg. (D5) with respect to the case of small losses, one will

have
4 | e+e?—e® - 4 ]a
—— —_—m e= -, D8
b= \T 7 =-e= Vg (09

which is the same expression that is presented in formula
(22).
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