
PHYSICAL REVIEW D 69, 102003 ~2004!
Sensitivity limitations in optical speed meter topology of gravitational-wave antennas

S. L. Danilishin*
Department of Physics, Moscow State University, Moscow 119992, Russia

~Received 8 December 2003; published 27 May 2004!

The possible design of a quantum nondemolition gravitational-wave detector based on the speed meter
principle is considered with respect to optical losses. A detailed analysis of a speed meter interferometer is
performed and the ultimate sensitivity that can be achieved is calculated. It is shown that unlike with the
position meter signal recycling can hardly be implemented in speed meter topology to replace the arm cavities,
as is done in signal-recycled detectors such as GEO 600. It is also shown that a speed meter can beat the
standard quantum limit by a factor of;3 in a relatively wide frequency band, and by a factor of;10 in a
narrow band. For wideband detection the speed meter requires a quite reasonable amount of circulating power
;1 MW. The advantage of the considered scheme is that it can be implemented with minimal changes in the
current optical layout of the LIGO interferometer.
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I. INTRODUCTION

It is a well known fact that in order to detect gravitation
waves very high precision devices are needed. The cur
technological progress in this area of knowledge sugg
that a detector will achieve the level of sensitivity where
quantum behavior will play the main role.

The sensitivity of the third-generation interferometr
gravitational wave detectors is planned to be higher than
standard quantum limit~SQL! @1,2#. Therefore, to overcome
the SQL one needs to monitor not the coordinate of the
tector probe body, as in contemporary detectors, but an
servable that is not perturbed by the measurement. Suc
observable has been called a quantum nondemolition~QND!
observable@3–6#. One needs to monitor this kind of obser
able because, if there is no force acting upon the probe
ject, the observable value will remain unperturbed after
measurement. This means that there is no back action
therefore, no SQL, limiting the sensitivity. In order to dete
external action on the object it is reasonable to measure
integral of motion, which is a QND observable at the sa
time. For a free mass, its momentum can be that QND
servable, but the realization of momentum measuremen
not an easy task. In the article@7# it was proposed to measur
the velocity of a free mass instead of momentum. Althoug
is not a QND observable and is perturbed during the m
surement, it returns to its initial value after the measurem
and therefore can be used to beat the SQL. A device
measures the object velocity is called a speed meter.

The first realization of a gravitational-wave detector bas
on speed meter principle was proposed in@7#. In this article
the authors suggested measuring the velocity of a free m
placed in a gravitational wave field. Analysis of the sche
has shown that measuring velocity instead of body coo
nates allows the back action noise to be canceled and, th
fore, significantly increases the scheme sensitivity. The m
suring system was presented as two coupled microw
cavities whose coupling constant had to be chosen so
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phase shifts proportional to the coordinate were fully co
pensated, while the output signal contained informat
about the probe mass velocity only.

Later, in@8# the possibility of applying the speed measur
ment technique to interferometric gravitational-wave det
tors was analyzed. It was suggested to attach to the p
bodies of the detector small rigid Fabry-Pe´rot cavities. These
cavities, fully transparent for light at a certain frequencyv0
when immobile, introduce a phase shift in the output lig
due to the Doppler effect. By measuring this phase shift i
possible to measure the probe body velocity. It was show
this article that the speed meter can potentially beat the S
if the pumping power is larger than one for a SQL limite
position meter:W.WSQL.

The realization of a speed meter based on two microw
coupled resonators, suggested in@7#, was considered in@9#.
This speed meter was proposed to be attached to the det
probe body to measure its velocity. It was demonstrated
it is feasible, with current technology, to construct such
speed meter that beats the SQL in a wide frequency ban
a factor of 2. A possible design of a speed meter for
optical frequency band was also proposed. This design
mands construction of four large scale cavities instead of
as in the traditional LIGO detector. The disadvantage of t
scheme, common for all speed meters, is the extremely h
power circulating in the cavities.

A further comprehensive analysis of the scheme propo
in @9# was carried in@10#. It was shown thatin principle the
interferometric speed meter can beat the gravitational-w
standard quantum limit by an arbitrarily large amount, ov
an arbitrarily wide range of frequencies, and can do so w
out the use of a squeezed vacuum or any auxiliary fi
cavities at the interferometer’s input or output. However,in
practice, to reach or beat the SQL, this specific speed me
requires exorbitantly high input light power. The influence
losses on the speed meter sensitivity was also analyzed,
it was shown that optical losses in the considered sche
influence the sensitivity at low frequencies.

In @11,12# more practical schemes for large scale int
ferometric speed meters based on the Sagnac effect@13#
were analyzed and proposed for use in possible desig
©2004 The American Physical Society03-1
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third-generation LIGO detectors. It should be noted that
of Sagnac interferometers in gravitational-wave detect
was suggested earlier in@14–17#. In @11,12# it was shown
that to lower the value of circulating power one should u
the squeezed vacuum input with a squeezing factor of;0.1,
and variational output detection@18#. Then it is possible to

beat the SQL by a factor of;A10. The schemes analyze
are based on using either three large scale Fabry-Pe´rot cavi-
ties @11# or ring cavities and optical delay lines@12#. A com-
prehensive analysis of the above mentioned schemes inc
ing optical losses was carried out.

Another variant of a Sagnac based speed meter was
posed in@19#. This design requires little change in the initi
LIGO equipment and seems to be a good candidate
implementation. The scheme of the interferometer propo
in @19# is considered in this paper. We analyze here how
meter will behave when there are optical losses in the in
ferometer mirrors and obtain the optimal value of the circ
lating power and how it depends on cavity parameters.

This article is organized as follows. In Sec. II we consid
the simple scheme of a speed meter with a single lossy
ment in order to study how optical losses influence
scheme sensitivity. In Sec. III we compare the sensitivities
a signal-recycled position meter and a speed meter, and d
onstrate that the later has worse sensitivity at the same l
of pumping power if signal recycling is applied. In Sec. I
we evaluate the sensitivity of the more realistic speed m
scheme proposed in@19# and obtain the optimal values of th
parameters that minimize the influence of noise sources
Sec. V we summarize our results.

II. SIMPLE SAGNAC SPEED METER SCHEME
WITH OPTICAL LOSSES

A. Input-output relations for simple speed meter scheme

In this section we will analyze the action of a simp
speed meter scheme based on the Sagnac effect to est
how optical losses affect its sensitivity. This scheme is
model that is quite easy for analysis and yet contains
features specific for a speed meter. It differs from real, co
plicated schemes only in the fact that there is no bending
of the noise curve at high frequencies that arises due to
finite bandwidth of Fabry-Pe´rot cavities being used in rea
speed meter interferometers. Therefore, it seems conve
to investigate this simple scheme before analyzing com
cated speed meters designed for LIGO.

The scheme we want to consider is presented in Fig. 1
action can be described as follows: the light beam from
laser enters the scheme from the ‘‘western’’ side of the fig
and is divided by the beam splitter into two beams propag
ing in the ‘‘northern’’ and ‘‘eastern’’ directions. Each beam
reflected sequentially from two movable end mirrors. B
tween these reflections the beams are reflected from the
tral mirror. The end mirrors we suppose to be ideally refl
tive, while the central mirror has the amplitude reflectivityr
and transmittancet. We suppose that all optical losses a
concentrated in the central mirror and therefore can be
pressed by a single parametert. It can be shown that for
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gravitational-wave detectors this approximation is satisfi
quite well.

After the three above mentioned reflections the lig
beams return to the beam splitter where they are mixed
We suppose that the arm lengths are chosen so that al
light power returns to the laser. Then the photodetector
cated in the ‘‘southern’’ part of the figure will register onl
vacuum oscillations whose phase is modulated by the
mirror motion.

The input light can be presented as a sum of a class
pumping wave with frequencyv0 and sideband quantum os
cillations. The electric field strength of the incident wave c
be written as

Ê~ t !5,~v0!$Ae2 iv0t1A* eiv0t%1E
0

`

,~v!@ â~v!e2 ivt

1â†~v!eivt#
dv

2p
, ~1!

whereA is the classical wave quadrature amplitude,â(v) is
the quantum fluctuation sideband operator,,(v)

5A2p\v/Ac is a normalization factor, andA is the beam
cross section. Using this formalism we can write down inp
output relations for the scheme. The incident wave quad
ture amplitude and fluctuations we will denote asA and âw
as they come from the ‘‘western’’ side of the figure. Ze
oscillations entering the scheme from the ‘‘southern’’ side
will denote asâs . After the beam splitter we will have two
light beams propagating in the ‘‘northern’’ and ‘‘eastern’’ d
rections. These beam values we will mark by indices ‘‘n’’
and ‘‘e, ’’ respectively. Moreover, there is a transparent ce
tral mirror that is the source of additional noise denoted asĝn

and ĝe ~see Fig. 1!.

FIG. 1. Simplified scheme of speed meter.
3-2
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SENSITIVITY LIMITATIONS IN OPTICAL SPEED . . . PHYSICAL REVIEW D69, 102003 ~2004!
Let us denote the beam that travels in the interferom
arm for the first time as the ‘‘primary’’ beam, while the sam
beam that has left its first arm and entered the second on
will denote as the ‘‘secondary’’ beam. Due to absorption,
powers of the primary and secondary beams relate to e
other asWsecondary/Wprimary5r 2512a loss

2 , wherea loss is
the interferometer absorption coefficient. This coefficient
quite small and in practice can be neglected for the value
the classical powers but, in principle, there is an opportun
to compensate these losses by introducing some additi
power into arms. This opportunity can be taken into acco
by assumingWsecondary/Wprimary5h2, whereh is some co-
efficient that is equal to 12a loss

2 without additional pump-
ing, and can be larger with it. We will assume thath51 as
optical losses in the considered schemes are supposed
very small (a loss;1025). Then the output wave can be wri
ten as~see Appendix A!

b̂s5b inputâs1b lossĝs1Ksimplex2 . ~2!

Expressions forb input , b loss, Ksimple, x2 , andĝs are sum-
marized in Table I.

B. Quantum noise spectral density

In order to evaluate the scheme sensitivity we need
calculate the spectral density of total quantum noise. S
pose the mirror dynamics can be described by a free b
equation of motion, i.e.,

mẍ5F.

HereF5FGW1F f luct , whereFGW is the gravitational-wave
force measured,F f luct is the fluctuational force that arise
due to radiation pressure of the incident light, andx5xGW
1xf luct is the mirror displacement that consists of displa
ment due to gravitational-wave action and a noisy part t
arises due to incident light phase fluctuations. The total no
spectral density then can be written as

TABLE I. Expressions for values used in Sec. II.

x2(v02v)
xe2xn

2

ĝs

iĝe2ĝn

A2

k(v) Avv0/c

b input ire4ivt

b loss 2 i te2ivt

Ksimple 22k(v)A( irei (v013v)t2hei (v01v)t)

Psimple

16v0Wt2

mc2
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S~V!5SF~V!1m2V4Sx~V!22mV2R@SxF~V!#, ~3!

where V is the observation frequency, an
Sx(V),SF(V),SxF(V) are the spectral densities of fluctu
tional mirror displacementxf luct , fluctuational radiation
pressure forceF f luct , and their cross correlation, respe
tively.

In our specific case these spectral densities are equ
~see Appendix A!

SF~V!5
8\v0W

c2
•@12r cos~2Vt!#,

~4a!

Sx~V!5
\c2

16v0W sin2C
•

1

11r 222r cos~2Vt!
,

~4b!

SxF~V!52
\

2
cotC. ~4c!

HereW is the pumping power at the end mirrors, andC is
the homodyne angle that allows us to minimize the value
Eq. ~3! significantly. This angle is chosen so that one me
sures not the amplitude or phase quadrature componen
their mixture. This principle provides the basis for the var
tional measurement technique@18,20#. HereC is one of the
optimization parameters that allows one to overcome
SQL when chosen in the proper way.

Suppose that the signal varies slowly compared to
scheme characteristic timet, and, therefore,

Vt!1, ~5a!

V!
2p

t
, ~5b!

wheret5L/c, andL is the distance between the central a
end mirrors. These assumptions we will call thenarrowband
approximation. Later we will see that for real detectors th
approximation works pretty well.

Using this approximation we can rewrite Eqs.~4! as

SF~V!5
8\v0W

c2
•@12r 12r ~Vt!2#,

~6a!

Sx~V!5
\c2

16v0W sin2C
•

1

~12r !214r ~Vt!2
, ~6b!

SxF~V!52
\

2
cotC. ~6c!

If we substitute the expressions obtained in Eq.~3! and
divide by the value of the radiation pressure noise SQL sp
tral density for the free massSSQL5\mV2, we will obtain
the factor by which the speed meter beats the SQL:
3-3
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j25
1

2 F Psimple

~Vt!2
•@12r 12r ~Vt!2#

1
~Vt!2

Psimple

2~11cot2 C!

~12r !214r ~Vt!2
12 cotCG . ~7!

The expression forPsimple is presented in Table I.
The main goal of optimization is to beat the SQL in

frequency band that is as wide as possible. First of all
should find the optimal value of cotC and Psimple. These
parameters should not depend on frequency; therefore
will optimize them at high frequencies, i.e.,Vt→`. This
optimization will result in the following values:

cotC522rPsimple, ~8!

and being substituted in Eq.~7! will produce

jHF
2 .

1

4rPsimple
. ~9!

Obviously, the rise ofj2 at low frequencies is determine
by the radiation pressure spectral density as all other item
Eq. ~3! are proportional toV2 andV4 and, therefore, canno
influence at low frequencies. Hence we see that optical lo
lead to a decrease of speed meter sensitivity when the ob
vation frequency is small. It is useful to calculate the va
of the parameterPsimple that provides the minimum ofj2 at
the defined frequencyV* . It can be shown that for 12r
!1 this value is equal to

Psimple
opt .

V* t

A2~12r !
. ~10!

One can also readily obtain the minimal frequency where
speed meter sensitivity is equal to the SQL, i.e., wherej2

51 is satisfied, is defined by the expression

Vmin.
PsimpleA2~12r !

tA4Psimple21
, ~11!

FIG. 2. Typical curves forj25S/SSQL at differentPsimple.
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wherer is the central mirror amplitude reflectivity coefficien
that characterizes the scheme optical losses. Here we
poset!1.

Comparison of the expressions~9! and ~11! shows that
one needs to increase the optical power (Psimple→`) in or-
der to obtain high sensitivity, while to have a wide frequen
band and increase the sensitivity at low frequencies it is n
essary to have a low value of the pumping power to decre
radiation pressure noise. In Fig. 2 several curves are
sented that demonstrate howj2 depends on the frequency a
different values ofPsimple. The dot-dashed lines are for th
ideal case where losses are equal to zero (r 51).

III. SIGNAL-RECYCLED SPEED METER
VS SIGNAL-RECYCLED POSITION METER

In this section we will consider semiqualitatively the in
fluence of a signal-recycling mirror on the sensitivity of th
traditional position meter and speed meter. Let us cons
the two schemes presented in Figs. 3 and 4.

SupposeTFP;1/NFP and TSRM;1/NSRM are the trans-

FIG. 3. Signal-recycled position meter.

FIG. 4. Signal-recycled speed meter.
3-4
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SENSITIVITY LIMITATIONS IN OPTICAL SPEED . . . PHYSICAL REVIEW D69, 102003 ~2004!
mittances of the arm cavity input mirrors~ITMs! and signal-
recycling mirrors ~SRMs!, respectively. HereNFP shows
how many times the light beam is reflected from the e
mirrors until it leaves the cavity, andNSRM is the number of
light beam reflections from the SRM before leaving t
whole scheme. The first number characterizes the Fa
Pérot half bandwidth, while the second one represents
signal-recycling cavity half bandwidth. Lett be the time the
light needs to travel from one cavity mirror to another. Su
pose also the mirror motion is uniform and can be expres
during the light storage time (t* ;NFPNSRMt,tGW
;p/VGW,max) by the formula

xi5xi ,01v i t,

where the subscripti 51,2 denotes the interferometer arm
xi ,0 are the end mirror initial positions, andv i are their ve-
locities.

In the case of the position meter the light path is t
following. After leaving the beam splitter light enters bo
cavities, it passes from one arm cavity mirror to anoth
2NFP times, then it is reflected from the SRM and returns
the cavity. This cycle repeatsNSRM times until the light
leaves the scheme and goes to the homodyne detector
output beam phase shift in our simple case can be writte

dwsignal.
2v0

c
NFPNSRMx̄2 , ~12!

wherex̄25 x̄12 x̄2 is the mean end mirror relative displac
ment during the storage time, andc is the speed of light.

As for the speed meter, the light path in this scheme
fers from the previous one. Light that leaves, for examp
the first cavity goes not to the beam splitter and then to
SRM, but to the second cavity, where it experiencesNFP
reflections from the end mirror in addition to those in the fi
cavity. Then it is reflected from the SRM and so on forNSRM
times until it leaves the scheme. It can be shown that in
specific case the output beam phase shift will be written

dwsignal.
2v0

c
NSRMNFP

2 v̄2t, ~13!

wherev̄25 v̄12 v̄2 is the relative velocity of the end mirrors
We can readily see that the position meter and sp

meter output signals depend on the arm cavity (NFP) and
signal-recycling cavity (NSRM) parameters in different ways
It can be shown that this difference significantly influenc
the sensitivity of these schemes. Let us calculate the am
of circulating optical power necessary to achieve the leve
SQL in each of the above mentioned schemes. The ou
signal field quadrature componentasignal for both schemes is
proportional to the product

asignal.Adwsignal ,

where A is the input radiation field quadrature amplitud
Therefore the spectral density of the phase fluctuations
be expressed in terms of the spectral density ofasignal as
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Sw5
Sa

uAu2
.

The expression forSa can be readily obtained and is equal

Sa5
1

4
,

anduAu2 can be represented in terms of the power circulat
in the arms as

uAu25
W

\v0NFPNSRM
.

Then forSw one will have the following expression:

Sw5
\v0NFPNSRM

4W
. ~14!

On the other hand, for the position meter this spectral den
can be expressed in terms of the mirror displacement spe
density caused by radiation shot noise corresponding to
SQL, Sx

SQL5\/mV0
2 , as

Sw
PM5

4v0
2NFP

2 NSRM
2

c2
Sx

SQL5
4\v0

2NFP
2 NSRM

2

mc2V0
2

, ~15!

whereV0 is some fixed observation frequency,m is the mir-
ror mass, and for the speed meter in terms of the mir
velocity spectral density caused by radiation shot noise c
responding to the SQLSv

SQL5\/m as

Sw
SM5

4v0
2t2NFP

4 NSRM
2

c2
Sv

SQL5
4\v0

2t2NFP
4 NSRM

2

mc2
. ~16!

Substituting Eq.~14! into Eqs.~15! and ~16! we will ob-
tain the following values of the circulating power for bo
schemes considered:

WPM5
mc2V0

2

16NFPNSRMv0

, WSM5
mc2

16NFP
3 NSRMv0t2

.

~17!

If we divide WSM by WPM we will obtain the factor ofx by
which the speed meter circulating power necessary
achieve the SQL is larger than that for the position mete

x5
WSM

WPM

5
1

~NFPV0t!2
@NSRM

2 , ~18!

where we have taken into account that the light storage t
should be much smaller than the period of the gravitatio
wave, i.e.,t* ;NFPNSRMt!p/V0. Obviously, the above
estimates show that a speed meter with signal recycling
hardly be considered as the best variant for implementa
as a QND meter, as it requires much more circulating pow
than the signal-recycled position meter with the same par
3-5
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eters. More precise calculations that prove the above sim
considerations are performed in Appendix B.

IV. OPTICAL LOSSES IN SPEED METER
INTERFEROMETERS WITH FABRY-PE´ ROT CAVITIES

IN ARMS

A. Speed meter interferometer action and output signal

Let us consider the scheme of a gravitational-wave de
tor based on the speed meter principle presented in Fig
This interferometer differs from the traditional LIGO inte
ferometers by an additional polarization beam splitter~PBS!
and two quarter-wave plates (l/4). Quarter-wave plates ar
needed to transform the input light polarization from line
(0° and 90°) to circular (	 and�) during each pass. Afte
reflecting from one of the 4 km long Fabry-Pe´rot ~FP! cavi-
ties the light polarization varies over 90°, and the light be
is reflected from the PBS to the second FP cavity. Hence,
light beam passes not only one FP cavity, but both cavitie
sequence. As there are two beams that propagate in opp
directions~in clockwise and counterclockwise directions, r
spectively! the scheme output does not contain any inform
tion about the symmetric mechanical mode of the mirro
i.e., about the sum of the end mirror displacements. T
mode is not coupled with a gravitational-wave signal, and
presence can significantly lower the sensitivity and preven
from beating the SQL. The output signal of this scheme
be found in the same manner as was done in@19#. The only
problem is to include additional types of noise, arising due
internal losses in the optical elements, in the calculations
do so, suppose each mirror to be a source of two indepen
additional types of noise, that stand for the interaction
electromagnetic radiation with the mirror medium exci
tions. This approach is based on the Huttner-Barnett sch

FIG. 5. Speed meter interferometer.
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@21# of electromagnetic field quantization in linear lossy d
electrics. Using this approach one can obtain input-out
relations for any optical device with losses~see@22–24#!.

It should also be noted that we do not consider the be
splitters, polarization~PBS! and ordinary~BS!, and quarter-
wave plates as separate sources of additional noise that
due to their internal losses. The reason is that the laser b
interacts with these optical elementsNe f f52/u ln r1r2u.2/1
2r 1r 2;102 times more seldom than with the Fabry-Pe´rot
cavity mirrors ~here Ne f f is the effective number of lase
beam reflections from the FP cavity mirrors!. Therefore, the
contribution of these elements to the total optical loss co
ficient will be Ne f f times smaller than that for the FP mirror
and can be neglected.

Let us use the same notations as in Sec. II for the sch
parameters. In order to distinguish values that correspon
inner and end mirrors we will denote the first ones by t
subscript 1 and the second ones by the subscript 2. E
Fabry-Pe´rot cavity has the following parameters: the mirr
reflectivity, transmittance, and absorption coefficients
equal to2r 1 ,2r 2 , i t 1,0, andia1 ,ia2, respectively, and the
cavity length isL. The end mirror transmittance we suppo
to be equal to zero because there is no difference whethe
light exits or is absorbed in the end mirror.

Suppose that the classical pumping wave amplitude iA

and the sideband fluctuation operator isâw . Suppose also
that zero oscillations that enter the scheme from the ‘‘sou
ern’’ side are described by the operatorâs . We will also need
the operatorsĝs11

, ĝs12
, ĝs21

, andĝs22
to describe noises du

to internal losses in the FP mirrors~the second numerica
subscript stands for the number of noise type that arise in
mirror due to internal losses!. The superscriptsI and II de-
note which types of noise arise during the first and the s
ond reflection, respectively. The parameterh we assume to
be equal to unity, whereh has the same meaning as in th
simple scheme and is equal to the ratio of the classical
plitudes inside the cavity during the second and the first
flection, respectively~see Appendix C!.

Finally, we are able to write down the output sideba
fluctuation operatorĉs that contains information about th
mirror movements, and therefore about the gravitatio
wave force:

ĉs5
1

L 2~v!
$ iB 1

2~v!âs
I ~v!

2@e2ivtr 2t1a1ĝs11

I ~v!1eivtt1a2ĝs21

I ~v!#

2 iL~v!@e2ivtr 2t1a1ĝw11

II ~v!2eivtt1a2ĝw21

II ~v!#%

2KSMx2~v02v!. ~19!

The notation used in this expression is presented in Tabl

B. Speed meter spectral densities and sensitivity

Here we will obtain the expressions for radiation press
noise and shot noise and their cross-correlation spectral
3-6
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TABLE II. Expressions for values used in Sec. IV. HereE is the classical complex amplitude of th
pumping field near the movable mirror after the first reflection.

Exact form Narrowband approximation

g1 — t1
2/4t

a — a11a25
a1

21a2
2

4t

g — g11a5
12r1r2

2t

W \v0uEu2/4 \v0uEu2/4

L(V) r 1r 2e2iVt21 2t(g1 iV)

B1(V) r 12e2iVtr 2(r 1
21t1

2) 2t(g22g11 iV)

KSM 2
k~v02V!r2t1@B1~V!2L~V!#eiVt

L 2~v!
E

2
2k~v02V!Ag1 /t~g2g11 iV!

~g1 iV!2
E
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sities. We will suppose that the same additional pump
procedure as in Sec. II is taking place. Here we will use
same approximation that is defined by Eq.~5! of Sec. II. It is
useful to evaluate if this approximation is valid for LIGO
The parameters for the LIGO interferometer are the follo
ing:

v051.7731015 s21, t51.3331025 s,

m540 kg, L543103 m.

If we suppose that the gravitational signal upper frequenc
about V5103 s21, then there remain no doubts that f
LIGO the condition of the narrowband approximation app
cability is satisfied asVt51.3331022!1.

One is able to obtain the following expressions for t
spectral densities~see derivation in Appendix C!:

Sx~V!5
\L2

32v0tW

~g21V2!2

2g1 sin2 C@~g2g1!21V2#
, ~20a!

SF~V!5
8\v0tW

L2

g~g21V2!2g1~g22V2!

~g21V2!2
, ~20b!

SxF52
\

2
cotC, ~20c!

where C is the homodyne angle, andW is the pumping
power at the end mirrors. The expressions forg1 andg are
given in Table II.

One can obtain the result that the minimum force that
be measured by the speed meter presented in Fig. 5 dep
on the total measurement noise spectral density. This spe
density can be expressed by the formula~3! with one excep-
tion: m in this formula is equal to one-fourth of the real en
10200
g
e

-

is

n
nds
ral

mirror mass. The multiplier 1/4 appears when we supp
not only the end mirrors to be movable, but also the inn
ones.

Now we can write down the expression forj2

5SSM /SSQL, whereSSM is the total quantum noise of th
speed meter that is calculated in accordance with Eq.~3!, and
SSQL5\mV2 is the SQL spectral density for the fluctua
tional force:

j25
8v0tW

mL2V2

g~g21V2!2g1~g22V2!

~g21V2!2

1
mL2V2

32v0tW

~g21V2!2

2g1 sin2 C@~g2g1!21V2#
1cotC.

~21!

This value characterizes the scheme sensitivity. Our goa
to have this value as small as possible. In the next subsec
we will perform two possible optimizations ofj2, in narrow
and wide frequency bands.

C. Optimization of j2

1. Narrowband optimization

Let optimize Eq.~21! at some fixed frequency. A possibl
situation when such optimization can be useful is the de
tion of gravitational radiation emitted by quasimonochr
matic sources. Compact quickly rotating neutron stars,
pulsars, may be an example of such sources. Gravitati
radiation from pulsars is quasimonochromatic and relativ
weak so it is crucial to have high sensitivity in a narro
frequency band to detect these sources. So it is convenie
find the minimum ofj2 at the source main frequencyV0. If
we suppose that optical losses are small enough, i.ea
!V0, then the minimal value ofj will be equal to
3-7
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jmin5A4 «5A4 a

V0
, ~22!

and is reached atgopt5V0, optical circulating powerWopt

5(mL2V0
3/8v0t)AV0 /a, and homodyne angle defined b

the formula cotCopt52AV0 /a ~see Appendix D for de-
tails!. For a51 s21 it will be equal to j.0.18. For the
LIGO interferometer the optical power necessary to reach
above value ofj is equal toWopt.27 MW.

Unfortunately, at frequencies different fromV0 the value
of j is much worse. The behavior of the functionj at differ-
ent frequencies is presented in Fig. 6. We can see that
nificant gain in sensitivity compared to the SQL can
achieved in a very narrow frequency band of about sev
tens of hertz. Thus, this regime of the speed meter opera
which we prefer to call the ‘‘narrowband’’ regime, can b
used to beat the SQL by a significant amount only in a n
rowband near some arbitrarily chosen frequency for the p
poses of weak quasimonochromatic sources detection.

2. Wideband optimization

Contrary to the narrowband case considered above,
vast majority of gravitational-wave sources either radiate i
relatively wide frequency band, or their main frequency
unknown. In both cases it is necessary to perform a wi
band detection procedure. This problem cannot be solve
easily as the previous one, because there are no criteri
what should be the frequency bandwidth value and what s
sitivity should be reached within the ranges of this band.
there is no clarity on this question it seems convenien
represent the variety of different possible regimes of ope

FIG. 6. Plot of j5ASSM /SSQL, optimized at some fixed fre
quencyV0. For givenV05103 s21 and fixed optical loss contribu
tion to the total half bandwidtha51 s21 ~see Table II!, one should
take the following parameters to obtain the best sensitivity
given frequency: total half bandwidthg5V0, circulating power

W5(mL2V0
3/8v0t)AV0 /a.27 MW, and cotC52AV0 /a

.2331022. The minimalj in that case will be equal toA4 a/V0

.0.18.
10200
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tion that the speed meter is capable of. Therefore we
suppose that the optical powerW circulating in the arms of
the interferometer and the resonator halfbandwidthg are
fixed. Then by varying the homodyne angleC it is possible
to obtain a variety of different sensitivity curves. The
curves for three different values of the circulating optic
powerW51, 3, and 10 MW are presented by thin curves
Figs. 7, 8, and 9, respectively. By varying the homody
angle it is possible to reach a sensitivity even three tim
better than SQL in a relatively wide frequency band. It
also possible to choose the frequency where the best s
tivity is reached by changing the homodyne angle, i.e.,
increase ofC leads to a sensitivity curve offset into th
lower frequency domain. It should also be noted that
increase of circulating power in this regime leads to a red

t

FIG. 7. Plots ofj for circulating optical powerW51 MW and
several fixed homodyne angles~thin curves; the curve with right-
most minimum corresponds to the least angle!. Bold black curve
corresponds to frequency-dependent homodyne angle.

FIG. 8. Plots ofj for circulating optical powerW53 MW and
several fixed homodyne angles~thin curves; the curve with right-
most minimum corresponds to the least angle!. Bold black curve
corresponds to frequency-dependent homodyne angle.
3-8
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tion of the frequency band wherej is less than 1; therefore i
is reasonable to use moderate values of the optical pow

Using the technique of frequency-dependent variatio
readout suggested in@24#, it is possible to increase the se
sitivity of the speed meter significantly in a wide frequen
band. The achievable sensitivities in this case are represe
in the same figures by bold black curves. Here is the dep
dence ofC(V) that allows us to obtain the above mention
results:

C~V!5p2arctanS mL2

32v0tW
•

V2~g21V2!2

g1~a21V2!
D . ~23!

D. Delay line and ring cavity vs Fabry-Pérot in speed meter
topology

It seems resonable to discuss some issues concernin
performance of the analyzed scheme and the scheme
speed meter interferometers proposed in@12#, that are based
on using delay lines~DLs! and ring cavities~RCs! instead of
FP cavities. In the lossless limit all the above mention
schemes provide practically the same sensitivity and th
are no significant differences in their performance. Wh
taking internal optical losses in cavity elements into accou
one can readily realize that the RC interferometer will ha
approximately a 1.5 times higher loss coefficienta compared
to the FP interferometer, as the ring cavity requires th
mirrors instead of two. A simple evaluation can show that
the narrowband regime the RC speed meter will requ
A1.5.1.22 times more optical power to achieve the b
sensitivity, which isA4 1.5.1.11 ~22! times worse than the
FP speed meter. The wideband regime is less susceptib
an increase ofa, but it can slightly decrease the frequen
band where the speed meter sensitivity is better than
SQL. Another point that, in our opinion, should be taken in
account is that ring cavity design requires placing two la

FIG. 9. Plots ofj for circulating optical powerW510 MW and
several fixed homodyne angles~thin curves; the curve with right-
most minimum corresponds to the least angle!. Bold black curve
corresponds to frequency-dependent homodyne angle.
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mirrors close to each other. It might be difficult to find a
additional place for one more mirror in existing interferom
eter facilities.

On the other hand, the RC interferometer has an impor
advantage. It does not require such devices as a polariza
beam splitter and quarter-wave plates to be used, and ca
constructed using only traditional optical elements, who
properties are well studied.

As for delay lines, they will provide practically the sam
sensitivity as FP cavities even taking optical losses into
count. Nevertheless, in large scale interferometers it is q
difficult, in our opinion, to implement delay lines, as it re
quires larger mirrors compared to FP cavities in order
provide a necessary number of light beam round trips. Mo
over, the delay line, we suppose, should be very sensitiv
mirror tilts, which is quite crucial for kilometer-long cavities
Therefore, it seems impractical to use delay lines in la
scale interferometers, while it can be a good candidate
shorter QND interferometers.

V. CONCLUSION

In this section we will sum up the results of our consi
eration. The following conclusions can be made.

The attempts to increase speed meter sensitivity by in
ducing a signal-recycling mirror or replacing arm cavities
this mirror will not be successful, because unlike the posit
meter, the speed meter sensitivity depends nonsymmetric
upon the transmittances of the arm cavity input mirrors a
SRM. The influence of the ITM is considerably greater th
the SRM influence because in the speed meter the light b
passes consequently through both cavities before it is
flected from the SRM. Therefore, it is convenient to use a
cavities in gravitational-wave detectors based on the sp
meter principle.

The speed meter topology of gravitational-wave anten
allows one to achieve a sensitivity about three times be
than the SQL in a relatively wide frequency band, preserv
the optical power circulating in the arms at a reasonable le
of 1 MW. Moreover, its sensitivity can be improved and
frequency band can be significantly increased if one applie
variational readout technique.

The ultimate sensitivity a speed meter is capable of
defined by two factors, the optical losses and bandwidths
arm cavities and, therefore, the circulating power. This s
sitivity can be expressed in terms of these factors as

j5
h

hSQL
5A4 a

g
,

whereh is the metric variation which can be measured by
speed meter,hSQL is the standard quantum limit forh, anda
is the optical loss contribution to the total interferome
halfbandwidthg. However, a high sensitivity~small j) re-
quires a large amount of circulating optical power~about
tens of megawatts! and can be achieved in a relatively na
row frequency band. In our opinion, the best operation mo
for the speed meter is the wideband regime with frequen
dependent readout.
3-9
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APPENDIX A: DERIVATION OF SPECTRAL DENSITIES
FOR SIMPLE CASE

1. Input-output relation derivation

Here we will obtain the formulas for the quantum noi
spectral densities, presented in Sec. II by the expressions~4!.
The input light can be described by the formula~1!. The
input amplitudes are the following~the subscriptsw,e,s,n are
for light beams corresponding to that part of the scheme;
example,Aw means the classical amplitude of a light bea
propagating in the western direction!:

Aw5A, As50, ~A1!

and the corresponding sideband operators are

âw , âs . ~A2!

As we mentioned above we are able to introduce additio
pumping through the central mirror. This additional pumpi
increases the light power in the scheme and does not cr
additional noise; therefore, it increases the scheme sens
ity. To describe it we will introduce the complex parame

h5heiF5A2C/A which is equal to the ratio of the ligh
amplitude at the end mirrors with additional pumping (C

5A/A21Aadd) and the light amplitude after the beam spl

ter (A/A2) ~which is equal to the amplitude at the end mirr
provided that the central mirror is ideally reflecting, i.e.,
the lossless case!.

Taking all the above into account one can easily obt
that the classical output of the scheme is equal to

Bs50, ~A3!

and the corresponding sideband output is equal to

b̂s~v!5 irâ s~v!e4ivt2 ia
2ĝn~v!1 i ĝe~v!

A2
e2ivt

22k~v!A~ irei (v013v)t2hei (v01v)t!x2~v02v!

5b inputâs1b lossĝs1Ksimplex2 ; ~A4!

see Eq.~2! for notation.
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2. Radiation pressure noise spectral densitySF„V…

The radiation pressure force corresponding to sys
modex2 is equal to

F̂5F̂e2F̂n

52\E
0

`

k~v!A* F ~ iei (v2v0)t1he2 iFrei (3v2v0)t!âs~v!

2A2ahe2 iFei (v2v0)t
2ĝn~v!1 i ĝe~v!

A2
Gei (v02v)t

dv

2p

1H.c., ~A5!

where F̂e and F̂n are the radiation pressure fluctuation
forces acting upon the eastern and northern movable mirr
respectively.

In order to calculate the radiation pressure spectral den
one should calculate the symmetric correlation function

BF~ t2t8!5
1

2
^0u@ F̂~ t !F̂~ t8!1F̂~ t8!F̂~ t !#u0&, ~A6!

whereu0& is the radiation field ground state. If we calcula
this value we obtain

BF~ t2t8!5
1

2 H E
0

`

uF~v!u2ei (v02v)(t2t8)
dv

2p

1E
0

`

uF~v!u2e2 i (v02v)(t2t8)
dv

2pJ , ~A7!

where

uF~v!u254\2k2~v!uAu2

3@ u~ei (v2v0)t2 iheiFrei (3v2v0)t!u21a2h2#.

In order to obtain this result one should take into account t

^0uâ(v)â†(v8)u0&52pd(v2v8). The radiation pressure
spectral density can be defined as

SF~V!5E
2`

`

BF~ t !e2 iVtdt5
1

2
@S8~V!1S8~2V!#

5
16\v0W

c2
•

1/21h2/22hr sinF cos 2Vt

11h2
.

~A8!

In order to provide the speed meter mode of operation
need to setF5p/2; then one will obtain that

SF~V!5
8\v0W

c2
•

11h222hr cos~2Vt!

11h2
. ~A9!
3-10
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3. Shot noise spectral densitySx„V…

The output signal of the scheme is mixed up with t
local oscillator wave in order to detect the phase shift due
the end mirror displacement in the optimal way. This mix
radiation enters the homodyne detector. The photocurren
the detector is proportional to the following time-averag
value:

Î p.d.~ t !;2Ebs
~ t !cos~v0t1fLO!

5E
0

`
Avb̂s~v!ei (v02v)t1 ifLO

dv

2p
1H.c.

5E
2`

`

K~V!@ x̂f luct~V!1x2~V!#eiVt
dV

2p
,

~A10!

wherefLO is the local oscillator phase,r̂ (V) is the noise
operator whose spectral density is equal to unity, andK(V)
is equal to

K~V!52
4v0

3/2uAu
c

e23iVt@r sinC1he2iVt cos~F1C!#,

~A11!

where C5fLO1argA. The fluctuations of the coordinat
are described by the operator

x̂f luct~V!5
r̂ ~V!

K~V!
. ~A12!

Finally, assumingF5p/2, the coordinate noise spectr
density is equal to

Sx~V!5
\c2

32v0W sin2 C
•

11h2

r 21h222rh cos~2Vt!
.

~A13!

4. Cross-correlation spectral densitySxF„V…

Now we know everything needed to calculate the cro
correlation spectral densitySxF(V). In order to do this one
should find the cross-correlation function of Eq.~A5! and
x̂f luct(V). Using the same algorithm as in previous subs
tions one obtains that

SxF~V!52
\

2
cotC. ~A14!

APPENDIX B: POWER- AND SIGNAL-RECYCLED SPEED
METER INTERFEROMETER SENSITIVITY: PRECISE

ANALYSIS

1. Input-output relations for power- and signal-recycled speed
meter interferometer

In this appendix we will analyze the scheme of a spe
meter interferometer with power~PRM! and signal~SRM!
10200
o

of

-

-

d

recycling mirrors installed~see Fig. 10!. Here we will con-
firm by exact calculations the results of the qualitative co
sideration presented in Sec. III.

Let consider the influence of additional optical eleme
on the input-output relations.

Figure 11 represents the situation common for PRM a
SRM. Beamsa andb represent light entering and leaving th
beam splitter, and beamsa8 andb8 stand for light entering
and leaving the PRM/SRM. The lengthL of the recycling
cavity should be chosen in the way that provides the ma
mal values of circulating power in the case of the PRM, a
signal sidebands in the case of the SRM.

a. Power recycling mirror

Power recycling influences the value of the circulati
power only, as quantum fluctuations from the laser that
influenced by the PRM return back to the laser due to d
port tuning of the interferometer, and do not contribute to
output signal. The interferometer circulating power depen
upon the quadrature amplitudeA of the beama as

W5\v0uAu2.

Then we need to expressA in terms ofA8, the amplitude
of the beama8 entering the PRM. One can write down th
following equations:

FIG. 10. Power- and signal-recycled speed meter interferome

FIG. 11. Power recycling/signal recycling mirrors.
3-11
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A95 i t PRA82r PRB9, A95Ae2 ifPR, ~B1a!

B85 i t PRB92r PRA9, B95BeifPR, ~B1b!

B5 i ~12a loss!A, ~B1c!

wheretPR and r PR are the PRM transmittance and reflecti
ity, fPR5v0L/c, and a loss represents losses in the enti
scheme~we will neglect these losses in this calculation
a loss is sufficiently small!. Solving these equations leads
the following expression:

A5
i t PReifPR

11 ir PRe2ifPR
A8. ~B2!

In order to maximize the circulating power one should tu
the PR cavity so thatfPR5p/4; then we obtain that

WPR5
tPR
2 W0

~12r PR!2
.

4W0

t
PR
2

, ~B3!

whereW05\v0uA8u, andWPR5\v0uAu2.

b. Signal recycling mirror

In the case of the signal-recycling cavity only the qua
tum fluctuation transformation is worth examining. As t
interferometer is tuned so that the output port is kept ‘‘dar
the classical amplitude of the beam leaving the BS is equa
zero. Nowa and b stand for the fluctuations entering an
leaving the BS, whilea8 andb8 stand for fluctuations enter
ing and leaving the SRM. Therefore we write down the f
lowing equations:

b̂85 i t SRe
ifSRb̂2r SRâ8, â8e2 ifSR5 i t SRâ82r SRe

ifSRb̂,
~B4!

wheretSR and r SR are the SRM transmittance and reflecti
ity, andfSR5v0L/c. In these equations we should suppo
â8[âs , b̂8[b̂s , and the equation that gives the relation b
tween these operators is represented by the expression~2!.

The solution of these equations gives us the follow
expression for the PR and SR speed meter output signa

b̂s852S r SR1
tSR
2 e2ifSRb input

11r SRb inpute
2ifSR

D âs8

1
i t SRe

ifSRb loss

11r SRb inpute
2ifSR

ĝs1KSRx2 , ~B5!

where

KSR5
i t SRe

ifSRb loss

11r SRb inpute
2ifSR

Ksimple,

and b input , b loss, and Ksimple are defined in Eq.~2!. The
value offSR is chosen so that the output signal is maxim
10200
e

-

’’
to

-

e
-

,

i.e., KSR→max. Therefore, the signal-recycling cavi
should be tuned in a way to providefSR5p/4.

Now we are able to calculate the spectral densities
radiation pressure and shot noise and their cross-correla
spectral density.

2. Radiation pressure noise spectral densitySF„V…

In order to calculate the radiation pressure noise spec
density for a power- and signal-recycled speed meter in
ferometer one needs to replace operatorâs in formula ~A5!

of the previous appendix by the operatorâs8 that can be ex-

pressed in terms ofâs and ĝs as

âs85
i t SRe

ifSRâs2r SRb losse
2ifSRĝs2r SRe

2ifSRKsimplex2

11r SRb inpute
2ifSR

.

~B6!

After the same operations as in Appendix one obtains
the radiation pressure noise spectral density in the case
power- and signal-recycled speed meter interferomete
equal to

SF~V!5
16\v0tWPR

c2
•

~g1gSR!~ggSR1V2!

~g1gSR!
214V2

. ~B7!

3. Shot noise spectral densitySx„V…

To obtain the expression for the shot noise spectral d
sity in the case of a signal-recycled interferometer we sho
use the same procedure as in Appendix but for one exc
tion. We should substitute the value ofKsimple by KSR. To
account for power recycling we should also write downWPR
instead ofW. Finally we obtain the following formula:

Sx~V!5
\c2

64v0tWPR sin2 C
•

~g1gSR!
214V2

gSR~g21V2!
. ~B8!

4. Cross-correlation spectral densitySxF„V…

The cross-correlation spectral density in this case is
same as in the previous section and is common for all in
ferometric schemes considered with homodyne detection

SxF~V!52
\

2
cotC. ~B9!

5. Power- and signal-recycled speed meter sensitivity

The total noise of the PR and SR speed meter is descr
by the same formula as Eq.~3!. The spectral densities o
noises in this particular case can be obtained from the
mulas~B7!, ~B8!, and~B9!.

Being substituted in Eq.~3! and divided by SSQL
5\mV2, these formulas will give us the expression for t
factor j2 by which one can beat the SQL using the PR a
SR speed meter:
3-12
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j25PSR

~gSR1g!~ggSR1V2!

V2@~g1gSR!
214V2#

1
11cot2 C

4PSR
•

V2@~g1gSR!
214V2#

gSR~g21V2!
1cotC,

~B10!

wherePSR516v0tWPR /mc2, g5(12r )/2t is the interfer-
ometer half bandwidth part due to optical losses, andgSR
5(12r SR)/2t is the part of the half bandwidth due to th
signal-recycling mirror. We can now optimize this express
at some fixed frequencyV0 with respect to the homodyn
angleC and circulating powerWPR . The optimal circulating
power Wopt and homodyne angleCopt for the considered
scheme are equal to

Wopt.
mc2

32v0t S 114
V0

2

gSR
2 DA V0

2

ggSR

,

Copt.2arctanAggSR

V0
2

, ~B11!

and the minimal value ofj that can be achieved at frequen
V0 is

jopt.A4 ggSR

V0
2

. ~B12!

We can see that to beat the SQL considerably using a sig
recycled speed meter one needs to decrease internal lo
DecreasinggSR ~or increasingr SR) will also increase the
scheme sensitivity at a given frequency but at the sacrific
sensitivity at other frequencies.

Let us estimate the optimal circulating power that is n
essary to obtainj.0.1. Let us substitute the following pa
rameters:

V05103 s21, m55 kg, L5600 m,

v051.7731015 s21,

12r 51025, ~B13!

that are typical for the GEO 600 interferometer. To obta
jopt50.1 one needsgSR540 s21 (12r SR51.631024) and
circulating power of the order of

Wopt51011 W. ~B14!

We can see that the considered scheme of a power-
signal-recycled speed meter can hardly be implemente
gravitational-wave detection, as it requires an enorm
amount of optical power and its sensitivity is high only in
very narrow frequency band.

This result confirms the statement we made in Sec.
i.e., in order to achieve the same sensitivity as a posi
meter with Fabry-Pe´rot cavities in the arms, the speed me
requires a highly reflecting SRM to be used and therefore
enormous amount of pumping power is needed. Taking
10200
n
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into account it is reasonable to conclude that the scheme
Fabry-Pe´rot cavities in both arms without a SRM looks lik
the best candidate for implementing a speed meter inter
ometer.

APPENDIX C: DERIVATION OF SPECTRAL DENSITIES
FOR SPEED METER INTERFEROMETER
WITH FABRY-PÉ ROT CAVITIES IN ARMS

1. Fabry-Pérot input-output relations

To obtain input-output~IO! relations for the scheme pre
sented in Fig. 5 one needs to know the IO relations fo
Fabry-Pe´rot cavity with movable end mirror. The case of tw
movable mirrors will give the same result but when inves
gating cavity dynamics one should replace the end mir
displacementx by the differencex12x2 of each mirror dis-
placement, and the mirror masses should be taken at one
of the real value to account for changes in radiation press
forces.

Consider the FP cavity presented in Fig. 12. We supp
the end mirror to have zero transmittance for the same rea
as in Sec. IV A.

Suppose we know the classical amplitude of the inter
field C1 and input quantum fluctuationsâ1 of the input light.
To obtain expressions for the internal and output fields o
needs to solve the following equations:

b̂1~v!52r 1â1~v!1 i t 1ĉ1~v!1 ia1ĝ12~v!,

d̂1~v!5 i t 1â1~v!2r 1ĉ1~v!1 ia1ĝ11~v!,

d̂2~v!52r 2ĉ2~v!1 ia2ĝ21~v!22ik~v!r 2C2x~v02v!,

ĉ2~v!5d̂1~v!eivt, d̂2~v!5 ĉ1~v!e2 ivt. ~C1!

The solution can be written as

b̂15
1

L~v!
@B~v!â1~v!2e2ivtr 2t1a1ĝ11~v!

1 ia1L~v!ĝ12~v!1eivtt1a2ĝ21~v!

22k~v!eivtr 2t1C2x~v02v!#, ~C2a!

FIG. 12. Fabry-Pe´rot cavity with movable mirror.
3-13
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ĉ25
1

L~v!
@2 ieivtt1â1~v!2 ieivta1ĝ11~v!

1 ie2ivtr 1a2ĝ21~v!22ik~v!e2ivtr 1r 2C2x~v02v!#,

~C2b!

d̂25
1

L~v!
@ ieivtt1r 2â1~v!1 ieivtr 2a1ĝ11~v!2 ia2ĝ21~v!

12ik~v!r 2C2x~v02v!#, ~C2c!

where

L~v!5r 1r 2e2ivt21, B~v!5r 12e2ivtr 2~r 1
21t1

2!.
~C3!

The expressions~C2! represent the FP cavity input-outp
relations.

2. Radiation pressure noise in FP cavity

In this subsection we will obtain the expression for t
radiation pressure force acting upon the movable mirror
the FP cavity. In accordance with the formula for the rad
tion pressure we can write down the following:

F̂rp5
Ŵc2

1Ŵd2

c
5

Êc2

2 1Êd2

2

4p
A. ~C4!

Taking into account the expressions~C2! one can obtain

F̂~ t !5F01\E
0

`

k~v!@C2* ĉ2~v!1D2* d̂2~v!#

3ei (v02v)t
dv

2p
1H.c.

5F01\E
0

`

k~v!@Fa1
â1~v!1Fg11

ĝ11~v!

1Fg21
ĝ21~v!#ei (v02v)t

dv

2p
1H.c., ~C5!

where

Fa1
.2

2i t 1eivtC2*

L~v!
, Fg11

.2
2ia1eivtC2*

L~v!
,

Fg21
.

ia2~e2ivt11!C2*

L~v!
, ~C6!

and F05\v0uC2u2(11r 2
2)/c.2\v0uC2u2/c is the constant

classical radiation pressure force. Items that correspon
other noise operators are neglected as they are small c
pared to the above values.

3. Input-output relation derivation

Now we can write down the IO relations for our spe
meter scheme. One can note that the light beam betw
10200
f
-

to
m-

en

input and output moments is sequentially reflected from t
FP cavities. Therefore, the sideband operator that descr
the output beam for the first cavity at the same time descr
the input beam for the second one. Moreover, the beam
enters the cavity for the first time and the beam that en
the cavity after being reflected once do not interact as t
have different polarizations (	 and� in our case!. Then, the
beams that leave the scheme falling to the beam splitter f
the north and east are characterized by sideband operatoĉn

and ĉe that can be expressed in terms of input beam ope
tors as

ĉn5
1

L~v!
@B~v!b̂n

I ~v!2e2ivtr 2t1a1ĝe11

II ~v!

1eivtt1a2ĝe21

II ~v!1 iA2k~v!eivtr 2t1Fxe~v02v!#,

~C7a!

ĉe5
1

L~v!
@B~v!b̂e

I ~v!2e2ivtr 2t1a1ĝn11

II ~v!

1eivtt1a2ĝn21

II ~v!2A2k~v!eivtr 2t1Fxn~v02v!#,

~C7b!

whereF is the amplitude inside the cavity during the seco
reflection,b̂1n

I and b̂1e

I are defined by formula~C2a! by re-

placing the index 1 by1n

I and 1e

I ~the superscriptI means the

first reflection and the superscriptII means the second re

flection from the FP cavity!, andC2 by En5 iE/A2 andEe

52E/A2, whereE is the amplitude inside the cavity durin
the first reflection. Here we also introduced additional pum
ing to compensate the energy losses due to absorption in
FP cavities. We suppose that this pumping should feed
main beam before it enters the second cavity; then the
rameterh5Fe /Ee5Fn /En . Now we are able to calculate

the output beam sideband operatorĉs5( i ĉn2 ĉe)/A2:

ĉs5
1

L 2~v!
$ iB 2~v!âs

I ~v!

1 iB~v!@e2ivtr 2t1a1ĝs11

I ~v!2eivtt1a2ĝs21

I ~v!#

2 iL~v!@e2ivtr 2t1a1ĝw11

II ~v!2eivtt1a2ĝw21

II ~v!#

2@B1~v!2hL~v!#Ek~v!eivtr 2t1x2~v02v!%,

~C8!

where x25(xn2xe)/2, âs52(ân1 i âe)/A2, and âw

52(âe1 i ân/A2) ~hereâ stands for any bosonic operator!.

4. Radiation pressure noise spectral densitySF„V…

In order to calculate the radiation pressure noise for
speed meter as a whole we need to use the expressio
radiation pressure fluctuational force acting upon the e
3-14
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mirror of the Fabry–Pe´rot cavity, presented in Sec. C 2 b
formula ~C5!. As in the simple scheme one can present
fluctuational force acting upon each of the FP cavity e
mirrors as a sum of two independent items:

F̂e5F̂e
�1F̂e

	 and F̂n5F̂n
�1F̂n

	 , ~C9!

and the net force acting upon the scheme can be present

F̂5F̂�1F̂	, ~C10!

where

F̂�5F̂n
�2F̂e

�

and

F̂	5F̂n
	2F̂e

	 . ~C11!

Let us write down the explicit form of these expressions:

F̂�~ t !5F0
�12\E

0

`

k~v!@Fas

� âs~v!1Fgs11

�,I ĝs11

I ~v!

1Fgs21

�,I ĝs21

I ~v!#ei (v02v)t
dv

2p
1H.c., ~C12a!

whereF0
�.\v0uEu2/c is the corresponding classical radi

tion pressure force,

Fas

�.
2t1eivtE*

L~v!
, ~C12b!

Fgs11

�,I .
2a1eivtE*

L~v!
,

Fgs21

�,I .2
ia2~e2ivt11!E*

L~v!
,

~C12c!

and

F̂	~ t !5F0
	12\E

0

`

k~v!@Fas

	 âs~v!1Fgs11

	,I ĝs11

I ~v!

1Fgs21

	,I ĝs21

I ~v!1Fgs11

	,II ĝs11

II ~v!

1Fgs21

	,II ĝs21

II ~v!#ei (v02v)t
dv

2p
1H.c., ~C13a!

whereF0
	.\v0h2uEu2/c is the corresponding classical ra

diation pressure force,

Fas

	.2
2t1eivth* E*

L~v!
•

B~v!

L~v!
, ~C13b!

Fgs11

	,I .
2a1eivth* E*

L~v!
•

t1a1e2ivt

L~v!
,

10200
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as

Fgs21

	,I .
ia2~e2ivt11!h* E*

L~v!
•

t1a2eivt

L~v!
, ~C13c!

Fgs11

	,II .2
2a1eivth* E*

L~v!
,

Fgs21

	,II .2
ia2~e2ivt11!h* E*

L~v!
. ~C13d!

The spectral density of the radiation pressure noise can
calculated using the same technique as in Appendix A, i.

SF~V!5
1

2
@SF8 ~v02V!1SF8 ~v01V!#, ~C14!

where

SF8 ~v02V!54\2k2~v02V!

3~ uFas

�1Fas

	 u21uFgs11

�,I 1Fgs11

	,I u2

1uFgs21

�,I 1Fgs21

	,I u21uFgs11

	,II u21uFgs21

	,II u2!.

~C15!

If one uses the formula~5! and the notation introduced in
Table II, then it is easy to obtain that the radiation press
noise spectral density in the narrowband approximation
defined by the following expression:

SF~V!5
8\v0tW

L2

g~11h2!~g21V2!22g1h~g22V2!

~11h2!~g21V2!2
,

~C16!

whereW5\v0uEu2(11h2)/8 is the light power at the end
mirror.

5. Shot noise spectral densitySx„V…

The shot noise spectral density can be obtained in
same manner as in Appendix A. Here

K~V!52
2iv0

3/2uEu
c

e2 iVtr 2t1

L 2~v02V!
@B1~v02V!sinC

2hL~v02V!sin~F1C!#, ~C17!

whereC5fLO1argC, h5uhu, F5argh, and the spectra
density is defined by the following expression:
3-15
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Sx~V!5
v0

uK~V!u2
5

\c2

32v0W

~11h2!uL~v02V!u2

r 2
2t1

2uB1~v02V!sinC2hL~v02V!sin~F1C!u2
. ~C18!
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Using the narrowband approximation defined by Eq.~5!
and Table II, the following expression forSx can be written if
one supposeF50:

Sx~V!

5
\L2

32v0tW

~11h2!~g21V2!2

g1 sin2 C$@~11h!g22g1#21~11h!2V2%
,

~C19!

whereL5ct.

6. Real scheme cross-correlation spectral densitySxF

It can be shown that the cross-correlation spectral den
for the real speed meter scheme with optical losses is
same as for the ideal one, i.e.,

SxF52
\

2
cotC. ~C20!

The above expression does not depend on frequency a
the same in the narrowband approximation.

APPENDIX D: NARROWBAND OPTIMIZATION OF j2

In this section we will perform the optimization of th
speed meter interferometer sensitivity at some fixed gi
frequencyV0. In this connection it seems convenient to i
troduce new dimensionless variables

y5
V

g
, «5

g2g1

g
5

a

g
, P5

16v0tW

mL2g3
, A5cotC

~D1!

to rewrite Eq.~21! as

j25
1

2 FPa1
11A2

P
bG1A, ~D2!

where

a5
«1y2~22«!

y2~11y2!2
, b5

y2~11y2!2

2~12«!~«21y2!
. ~D3!
l.

s.

10200
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is

n

Optimizing Eq.~D2! with respect toP andA, one can readily
show that it reaches minimum at

P5
b

Aab21
and A52

1

Aab21
, ~D4!

wherea andb should be taken at frequencyV0. When sub-
stituted in Eq.~D2!, these expressions will turn it into

j25Aab21. ~D5!

The second step is the minimization of the above expres
with respect tog. Obviously, to obtain the optimal value o
g it is necessary to solve the equation

]K

]g
50,

whereK5ab. Here we should remember that«5a/g and
y5V0 /g; then the above equation is transformed to

«
]K

]«
1y

]K

]y
50,

which after simplification will be written as

y212«215
V0

2

g2
12

a

g
2150. ~D6!

The positive solution of this equation is

gopt5a1Aa21V0
2.V0 , ~D7!

where the last approximate equality corresponds to the c
of small lossesa!V0. Substituting the obtained results i
Eq. ~D5! with respect to the case of small losses, one w
have

jmin5A4 «1«22«3

12«1«22«3
.A4 «5A4 a

V0
, ~D8!

which is the same expression that is presented in form
~22!.
nd
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